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YBaxaeMbIii YUTATEJD!

D10 nocobue HaNmMCaHO Ha OCHOBE TeX JIEKLUN, KOTOPBIE s1 IPOYUTAI B

nepBoM cemectpe 2008 roga crynentam nepBoro kypca. Llenb ero nanucanus

— 00JIErYuTh NPOLECC MOATOTOBKHU K 3K3aMEHY, OHO ITIOMOXET PUBECTH B CUCTEMY
Bamu 3nanus. [loaTtomy B mocobue BKIIOUEH HE BECh JIEKIMOHHBIN MaTepual, a
JUIIb Ta €0 YacTh, KOTOpask BOLLUIA B 3K3aMEHALIMOHHbIE OUIIETHI U,
CJIeI0BaTeIbHO, OHO HE SIBJISIETCS MOJHOM 3aMeHoil Bamemy coGcTBEHHOMY
KOHCIIEKTY.

OOpaiy Bamie BHUMaHuE Ha TO, YTO MPEABIAYIIHME BEPCUU SKOOBI

«KOHCIIEKTa MOMX JIEKLIUI» coJlepKaT BOMMUIONINE OIIMOKU. TakuX <«JIEKLIHU» g He
yutail. «KoHcnekroB» Tem Oonee He nucai. Te, KTO pUCKHYT O HUM FOTOBUTHCS K
AK3aMEHY — CMelble, HO 0€30TBETCTBEHHBIE JIIO/IU.

KoHeuyHO, 3TOT TEKCT TOXKE MOKET COAEepKaTh onevaTku. S Oyay

OJlaroiapeH BCeM, KTO OTMETHUT WX, HJIM BBICKAKET JPYyTrHe 3aMeyaHusl.

B 3akitoueHue BbIpakaro HCKpeHHIOK OjarogapHocTh Bammm kossieram,
crynentam | xkypca 2006r O. CrenanoBoi, I1. Pynakosckoi, E. ['apanuny, A.
Kimnmosy,

B. Iluuyxkuny, A. IlnexaHoBy, KOTOpbI€ TOMOTJIU B MOJATOTOBKE 3TOTO MOCOOUS.

Taxoke BrIpaxkaro 6y1arogapHocTh cTapocte neporo kypca 2008r. Kamenery E.U.
u cryaentam nepsoro kypca 2008r. enucoy C.C. u SAcko N.C. 3a penakuuto u
BHECEHUE M3MEHEHUM B pabOTy MpeAIIeCTBEHHUKOB.

C HaWIIy4IIMMU MTOXKENAHUSAMHU
Bam nexrop B.I'. Unpckuii



bunem 1. Muooscecmea u onepauuu Hao HUMU

1.1. TlousiTMe MHOKECTBA

[lonsiTHST  MHOXECTBAa M €ro AJIEMEHTA OTHOCATCS K YHCIY IMEPBUYHBIX,
HEONPEAENSIEMBIX NOHATUA MaTeMaTUKU. K TakuM k€ MOHATUSAM OTHOCSTCS TOYKA,
npsMas JUHUSA W Jp. BmecTo omnpeneneHHs TakKoro MOHATUS NPUXOIUTCS
o0xoauThkes ero onucanueM. Coznarens Teopun MHoxkecTB I'eopr Kantop B 1872
roJly Onucai MOHSATUE MHOXXECTBA, KaK «O0OBEAMHEHHUS B OJHO LIEN0€ OOBEKTOB,
XOPOIIO Pa3IM4aeMbIX HaAILllEd UHTYULIMEN UM HAIIEU MBICIIBIOY.

Mps1 OyneM roBopUTh, UTO ONPENEIEHO HEKOTOPOE MHOXKECTBO M 00BEKTOB,
€CIIM yKa3aH MPU3HAK, KOTOPBIM IO3BOJISIET OTHOCUTEIBHO KaXJOro IpeaMera X
CKa3aTh, MPUHAJIEKUT JIU ITOT MPEAMET MHOKECTBY M, UM HET.

DneMeHThl MHOXXECTB B JajibHeilieM OyaeM 3amuchiBaTh CTPOYHBIMU
NATHHCKMMHU OyKBaMM, CaMHM MHOXECTBA — IpOHHCHBIMH. O6o3HaueHne €A

HCIIOJIB3YCTCA, KaK KpaTKas 3alliCh YTBCPKIACHHUA: d €CTh 3JICMCHT MHOKCCTBA A,

WIM: ¢ npuHAMIeKAT A. AHamormuno, o6osHauenne &% A penonssyercs, kax
KpaTKas 3alKCh YTBEP)KICHHUS: d HE SBSETCA DIIEMECHTOM MHOXeCTBa A, WIH: a
HE TPUHAIICKUT A. MHOKECTBO, HE UMEIOIIIEE IIEMEHTOB, HAa3bIBACTCS MYCTHIM U
o6o3Hauaercs .

VkaxkeM ps CIOCOOOB 3aJaHHMsi MHOKECTB. BO-TIEpBBIX, MOKHO ITPOCTO
NIEPEYHCIIMTD BCE JIEMEHTBI MHOKECTBA, €CITH 3TUX DJIEMEHTOB — KOHEYHOE YHUCIIO,
T.€. €CJM MHOJKECTBO KOHeuHOoe. Hampumep, MHOKECTBO, COCTOSIICE M3 JBYX
guces, 0 u 1. B sroM ciywyae wucnonsdyercs oOo3znauenue  {0,1}. Jlua
NPOM3BOJLHOIO KOHEYHOI'O MHOKECTBA, HAIPUMED, COCTOSINErO M3 PasIndHBIX
ayieMeHTOB {a1,...am}, HCIoNb3yeTcst 0003HaueHue {ay,...an},. [lomuepkHém, 4To B
3TOM 0003HAYCHUH MHOKECTBA JJIEMEHTHI a1,...8m, JODKHBI OBITH Pa3IUYHBIMH,
OJHAKO OHH MOTYT OBITH IEPEUYMCICHBI B MPOM3BOJBLHOM IMOPSAKE, HApUMEp,

{1,2,3,4} u {2,1,4,3} - paznuuHbic 0003HAYCHHS OHOTO U TOI'O K& MHOXECTBA.



MOXHO Tak»e€ yKa3aTb CBOMCTBO, KOTOPOMY YAOBJIETBOPSIOT 3JIEMEHTHI
paccmarpuBaeMoro MHoxkectsa. Hampumep, MHOKECTBO NEUCTBUTEIBHBIX YHCEN,
oonpmux 5. O6o3naumm ero {X|x > 5}.

Hekoropble MHOXECTBa OMNpEAeNAIOTCs € IMOMOIIbI yKa3aHusi crocoba
IIOCJIEIOBATEIILHOIO IIOCTPOEHUS €T0 dJIeMeHTOB. Harmpumep,

X1=1, X,=NXn.1, N=2,3,...

HoBble MHOXEcCTBa MOXHO IIOJydyaTb M B pe3yJbTaTe ONEpaluil Hal
3aIaHHBIMU MHOECTBAMHM.

Haubonee wuacto y Hac OyayT paccMaTpuBaThbCs MHOXECTBO R
JEHUCTBUTENBHBIX YUCEN, MHOXKECTBO N HaTypalbHBIX YHMCEJl, MHOXKECTBO Z LENbIX

YHUCCJI, MHOXCCTBO Q parOHAJIBHBIX YHUCCII.

1.2. HoamHoO)kecTBA

Baxunblii crmoco0 3amaHus MHOXKECTBA — BBIJEJIEHHUE €ro, Kak 4YacTu
HEKOTOPOI0 OCHO6H020 MHOXecTBa. OCHOBHOE MHOECTBO 0Opa3zyeTrcsi BCeMU
AJIEMEHTaMH KaKOTro-HUOY/b onpeaenéHHoro tuna. Hampumep, MHOKECTBO IEIbIX
YHCEJ, MHOKECTBO ITPOCTBIX YUCET U T.II.

B kauecTBe mpumepa pacCMOTPUM OCHOBHOE MHOXECTBO LEJIBIX YUCEN U
BbIOEpEM B HEM TE€ YMCIIa, KOTOpbIE HENsATCA Ha 2, T.e. 4ETHBIE yuciaa. Mbl
MOJYYMIIM ~ MHOXKECTBO UETHBIX YMCEIl, KOTOPOE SBJISAETCA IOJMHOKECTBOM
OCHOBHOI'O MHOJKECTBA LIEJIbIX YHUCEII.

B oOmem ciyudae, eciu Bce 2JIEMEHTHI MHOXKECTBa A SIBIISIIOTCS TaKkKe
AJIEMEHTAMH MHOXECTBa B, TO MBI TOBOPUM, YTO A €CTb HOOMHOMNCECMB0 B, Un
A BKIIIOYEHO B B, m 0003HaYaeM 3TO Tak: Ac B.

Ecmu oka3zanoch, 4T0 OOHOBPEMEHHO AcBU B c A, TO 3TH MHOXKECTBA
Ha3bIBAIOTCS pasHvimu, 4to oOO03Hawaercss A=B. Ilpome roBopsi, paBHbIE
MHOECTBA COCTOSIT U3 OJHUX U TEX KE DJIEMEHTOB.

N3 toro, yto AcB um BcC cuenyer, uto BcC (T.e. OTHOIIEHHE
BKJIIOUEHUSI MHOXKECTB SBIACTCA Mpan3umuéuvim. [IOHATHE OTHOLICHUS U €r0

CBOMCTBa OyyT MoJipoOHEe onucaHbl B Oujete 2).



1.3. Onepanuu HAJX MHOKECTBAMHU

ITycTp 3a1aHO HEKOTOPOE OCHOBHOE MHOXKECTBO M U €r0 MOJMHOMXECTBA A

Omnpenenenue 1.1. O6benuHeHne AU B 3TUX MHOXECTB ONpEENsieTcs, KakK

IMOJIMHO’KECTBO MHOXKECTBA M , COCTOSIIIIEE M3 BJIIEMEHTOB, BXOAAIINX XOTS ObI B
OJIHO U3 MHOKECTB A uUB.

Omnpenenenue 1.2. [lepeceueHne AN B 3TUX MHOYKECTB ONpPEIEIAETCS, Kak

MIOIMHOKECTBO MHOXKECTBA M, cocCTodIee U3 DJJIEMEHTOB, OJIHOBPEMEHHO
BXOJAIINX KaK B MHOXKECTBO A, TaK U B MHOXKECTBO B.

Onpenenenne 1.3. JlomonHenue °A MHOXKECTBA A ONpEICIAETCS, Kak

MMOJIMHOKECTBO MHOXXECTBA M , HE coJCpiKamee 3JICMCHTOB MHOKCCTBA A.

[IepeynciuM HEKOTOpPBIE CBOMCTBA ONEPALMi HAJ MHOKECTBAMM.

AUB=BUA AnB=BnNA,
(AuB)uC=AU(BUC),(AnB)NC=AN(BNC),
An(BuC)=(AnB)U(ANC),Au(BNnC)=(AuB)n(AUC),
“(AUB)= ‘AN °B,“(AnB)=°AuU °B,
AUA=AANA=AAUM =M,AnM =A,

AUD =AAND =0, °T=M, °M =@, °(°A) = A
AUCA=M,ANCA=0, .

B kadectBe mpuMepa JgokaxkeM CBOWCTBO “(AUB)=°“An°B. [l storo
3aMETHM, 9TO YCJIOBUE X € °(AUB) paBHOCHIBHO TOMY, 4TO X ¢ AU B. DT0, B CBOIO
oyepe/lb, PaBHOCHIBHO TOMY, 4To X¢A U Xxg¢B, T.e.xe “An°B. CBoIicTBO
J0Ka3aHo.

DTO yTBEpXKACHUE, BMECTE C yTBepKAeHUEeM “(ANB)=“AuU ‘B, Ha3bIBAIOT
meopemamu 0e Mopeana. Jloka3aTenbCTBa OCTATBHBIX CBOMCTB €I MPOIIe U Mbl

UX OITyCKaeM.



bunem 2. Jlekapmoeo npouseedernue muoxcecme. bunapnwie
OMHOUIEeHUA.

2.1. JlekapToBO NPOU3BEICHNE MHOKECTB

Onpepnenenue 2.1. [TycTs nansl ABa MHOXECTBa , A U B . O0Opazyem

MHOECTBO YIIOPSAAOYEHHBIX AP AJIEMEHTOB, Y KOTOPBIX NIEPBBIN AJIEMEHT
IIPUHAJIEKUT A , a BTOpoH - B. IlonmydeHHOE MHOKECTBO HAa3bIBACTCS
JIEKapTOBBIM MPOU3BECHUEM MHOXKECTB A U B u o003HavaeTcss A x B.
[IepeynciuM HEKOTOPBIE MTPOCTENIINE CBOMCTBA JIEKAPTOBA TPOU3BEACHHUS.
° Ecin AcC,Bc D, 10 (AXxB)<c(CxD);
] Ax(BNC)=(AxB)n(AxC).
OtMmeTuM, uTO AxB = Bx A TOrJa U TOJBKO TOrjaa, Korga A=B.

2.2. BUHaApHDBIE OTHOIIICHUS

Omnpenejaenue 2.2. JIro00e mMOAMHOXKECTBO R MHOXKecTBAa A x B

Ha3bIBAETCSI OMHAPHBIM OTHOIIICHUEM.

N3yyum noHsTre OMHApHOTO OTHOLIEHUS OoJiee MoAPOOHO, TaK KaK OHO
SABJISICTCS] BAXKHBIM HE TOJIBKO JJIs1 MATEMAaTUYECKOI'0 aHAJIN3a, HO U JUIA
KOMITBIOTEPHOU MAaTEMATHUKHMU.

3agaBaTh OMHAPHBIE COOTHOIICHUS! KOHEUHBIX MHOXECTB MOXKHO, HAalpUMep,
¢ momotibio Tabnui. Hanpumep, mycts A={1,2,3},B={12,3,4,5,6}. 3agaaum
OTHOLIEHUE R c AxB CBOMCTBOM: mapa (X,y),Xe A,y € B IpUHAIIICIKUT
OTHOILIEHHUIO R TOrJa M TOJBKO TOTJa, KOraaXx ecTh aenutens y. OTHomeHune R,
TakuM 00pa3om, coctout u3 nap: (1,1),(1,2),(L3), (1 4),(15),6),(2,2),(2,4),(2,6),(3,6).
N3006pa3um 3TO OTHOLIEHUE caeayomumM oopa3om. [Iposeném tpu npsiMele,
COOTBETCTBYIOIIME TPEM JIEMEHTAM MHOKeCTBA A . [IpoBenéM miecThb
MEPHEHIUKYJISIPHBIX UM IIPSAMBIX, COOTBETCTBYIOLIHUX 3JIEMEHTAM MHOXKECTBA B .
OTMETUM JKUPHOI TOUKOW T€ TOUKHU MEPECEUYEHUS] ITUX NMPSAMBIX, KOTOPbIE

COOTBETCTBYIOT OTHOIIEHHUIO R .(puc.1)
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Hpyroii cnoco6 3aanrs OMHAPHOTO OTHOIIEHHS — UCIIOJIb30BAHUE CTPEIIOK.
OnemeHTHl A U B H300paxaroTcsi B BUJE TOUYEK MIIOCKOCTH. CTpelkaMu
COEJIMHEHBI T€, U TOJBKO T€ AJIEMEHTHI X € A, Yy € B, JUIsl KOTOPBIX (X,Y) € R.(puc.2)

310 k€ OMHApHOE OTHOILIEHHWE MOXHO 3a/1aTh MaTpuLeH, cocTosiel u3 0 u
1. E€ cTpoku COOTBETCTBYIOT 3JIEMEHTaM MHOXECTBa A, CTOJIOIBI — dJIeMEHTaM
MHOXecTBa B . DneMeHT 3Toil MaTpulsl paBeH 1 Toraa u TOJIbKO TOrAa, KOrjaa oH
CTOUT Ha MEPECEUCHUH CTPOKHU U CTOJOIa, COOTBETCTBYIOLIUX Mape X e A,y € B,
IJI1 KOTOpOH (X,Y)eR.

Onpepnenenue 2.3. DIIeMEHT a Ha3bIBACTCA MPOEKIUEHN 3JIEMEHTa

a=(a,b) e AxB Ha MHO)keCcTBO A. I mpOU3BOIBHOIO MOJIMHOXKECTBA E — Ax B
€ro MpOeKUMEN Ha A HA3bIBA€TCA MHOXKECTBO, COCTOAIIEE U3 MPOECKIMKA HA A
BCEX DJIEMEHTOB MHO>KECTBA E .

Onpeneaenue 2.4. CedueHeEM X =a MHOXKECTBA E Ha3bIBAETCA MHOKECTBO

E(a) 21€MEHTOB Y € B, 1711 KOTOPBIX (&, Y) € E. MHOXECTBO CEYEHUI OTHOLLICHHUS

E Ha3piBaeTCs (paKTOPMHOXKECTBOM B 1o oTHOmEHHMIO E 1 0603Ha4aeTcs BJE .
Tak kak OTHOIIIEHUS MPEJICTABIISIIOT COO0M MHOKECTBA, K HUM MOYHO

MIPUMEHUTH OTIepaIlNH, ONpeeNEHHbIE B IpenbiayiieM naparpade. Ho kpome 3trx

onepaunﬁ €CTb emé BaXXHBIC OII€palivi KOMIIO3UIIUN U CUMMCTPHU3AlUH.

ITycTe manel MHOXKECTBA A, B,C U oTHOLIEHUsA E < AxB,GcBxC.



Omnpeneaenue 2.5. Kommosurmsa otHomenuii E,G - 3to otHolueHnue GE

MEXAY dJIEMEHTaMU MHOXECTBA U C Takoe, YTO JUIA BCEX X € A CEUEHUE
MHOXXecTBa GE mo X coBHaaaeT ¢ CEYCHUEM MHOXECTBA G IO IMOJMHOMKECTBY
E(x)c B, 1.€. (GE)(X) =G(E(X)) .

Eciu nansl 1Be mapel oTHOIIEHUN E < AxB,Dc AxB u1 GcBxC,FcBxC,
npuuéM E <D u G c F, To onepalusi KOMIO3UIIUKA 001a7aeT CIASAYIOIINM
CcBOMCTBOM: EG c DF.

Onpepenenue 2.6. OTHOLIEHHE, CHMMETPUYHOE K HEKOTOPOMY OTHOILIEHHIO

E — AxB u o0o3HauaemMoe E™', mpeacTaBiseT co00ii MOAMHOKECTBO MHOXKECTBA
Bx A, oOpa3oBaHHO€ TeMU MapaMu (Y, X) € Bx A, 711 KOTOpBIX (X,Y) € E. Ecin
EcAxBu GcBxC, 10 (EG)'=G'E™".

[Ipennonoxkum, 4To 3aJaHO HEKOTOPOE OCHOBHOE MHOXECTBO M .
OtHomenne E c M x M Ha3bpIBaeTCS OTHOLICHHEM DKBUBAJICHTHOCTH, €CJIM OHO
00J1a1aeT TAKUMH CBOWCTBAMM:

1. PehniekCMBHOCTBIO: BCAKUH 3JIEMEHT @ SKBUBAJICHTEH CaMOMY cele.
NubiMu cioBamu, a1 moboro ae M mapa (a,a)eE.

2. CUMMETPpUYHOCTBIO: JIsl JIFOOBIX JIBYX 3JIEMEHTOB a,b € M M3 TOro, 4yTO @
DKBUBAJICHTEH b CIIEAYyET, YTO b dKBUBAJEHTEH a. Jpyrumu cioBamu, eciu
(a,b) e E, T0 (b,a) € E. DTO 03HAUaeT, YTO OTHOIIICHHE E COBIIaJAacT CO CBOMM
obpaTHbIM, E.

3. TpaH3UTUBHOCTHIO: €CJIKM @ SKBUBAJICHTEH b, a b JKBUBAJIEHTEH C, TO a
SKBUBAJIEHTEH C. MHaye roBops, eciu (a,b)e E u (b,c)eE, 10 (a,c)cE.

OueHb YacTO OTHOILICHUE YKBUBAJICHTHOCTH DJIEMEHTOB a,b e M

o0o3Hauvaercs Tak: allb.

BaxHbIM MOHSITHEM SBIISIETCS TIOHATHE KJ1acca SKBUBAJIEHTHOCTH. Knacce skeusanenmuocmu
anemenma 2 € M cocrout u3 Becex snmementoB D € M | skBuBasieHTHBIX d1ementy a. Jlns
HE3KBUBAJICHTHBIX 3JIEMEHTOB MX KJIACChl SKBUBAJIEHTHOCTH HE NepecekatoTcs. MHOXECTBO KJIacCOB
HKBHBAJICHTHOCTH HAa3bIBACTCSI hakmopmuoicecmeom muoxkectBa M 1o otHomenuio E u
o6osznauaercs M / E . Eciu B39Th POBHO 1O OJHOMY 3JIEMEHTY U3 KaIOTO KJIACCa SKBUBAIEHTHOCTH,

MOJY4UM cucmemy npeocmasumenet.



B kauectBe nmpumepa pacCMOTPUM MHOXKECTBO Z HENBIX Uncell. 3a)UKCUPYEM MPOU3BOIBHOC
nenoe unciao M+ 0 u Ha3oBéM aBa nenbix yucia a,b cpasnumvimu no modynro M (aro o6o3Hauaercs

a=b(modm)), ecnu pasnocts @ —b nenurca ma M. Jlerko BUAETH, ONpeenéHHOE TAKUM 00pa3oM

OTHOIICHHEC 06na£[aeT BCEMHM CBOMCTBaMHM OTHOIICHUS SKBHUBaJICHTHOCTH. Kl1acChl SKBUBaJI€HTHOCTH
HAa3bIBAIOTCA KJIaCCaMM BBIUCTOB 11O MOYJIHO M, B Ka4eCTBE CUCTEMBI HpeZ[CTaBHTeHeﬁ MOXHO B34Tb

BCEBO3MOKHBIE OCTAaTKH OT aeieHus Ha M, 1.e. uncna 0,1,...,m—1. 310 MHOXECTBO 0003HAaUAETCS
Z . Ha HéM MOXXHO OnpenenuTh onepalyy CI0KEeHUsI U YMHOKEHHUs €CTECTBEHHBIM o0pa3oM. MmeeTcs

B BHUY, YTO CJIEAYET MPOCYMMUPOBATH BBIUCTHI, KaK OOBIYHEIE ebIC Ynucia, pa3geiinTb CyMMYy Ha mc

OCTAaTKOM H 3TOT OCTATOK Ha3BaThb CyMMOI71 BBIYETOB. AHAJIOTHYHO OonpeacinM Mmpon3BCaACHNEC BLIYCTOB.
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bunem 3. Omooparicenus u ux ceovicmaad.

Onpenenenue 3.1. HazoBém OunapHoe otHomenne E c Ax B dyHkimonanbHeIM, eciiu

s Kakaoro X € A ceuenue E(X) comeput He OoJiee 0THOTO DJIEMEHTA.

-1
Onpenenenue 3.2. Eciu otHomenne E™, cummerpuunoe k oTHomeHnio E  AxB

TAaKXKEC ABJIACTCA q)YHKHHOHaJII)HI)IM, TO oTHOLIEeHHEe E Ha3wpIBaeTcst B3aMHO OJHO3HAYHBIM.

Omnpenenenune 3.3. Eciu st kaxaoro X € A ceuenne E(X) comepkut poBHO 01MH

3JIEMEHT, TO ()YHKIIMOHAIFHOE OTHOIIICHUE BCIOAY OIPEAEIIEHO.
C ¢yHKIMOHATBHBIM OTHOIIIEHHEM HEMOCPEICTBEHHO CBA3aHO MOHIATHE OTOOPAKEHHUS.

Omnpenenenune 3.4. OtoOpaxkeHue, 0003HauUM ero f , CONOCTaBIsIET KAKIOMY AIEMEHTY,

Ha3bIBAEMOMY apryMEHTOM OTOOpaXXeHUs, Il KOToporo ceuenue E(X) - HemycToe
MHOJKECTBO, €AMHCTBEHHBIN ayemeHT f(X) moamuokectBa E(X) mHOkecTBa B . DTOT
anemeHT f(X) HaspiBaeTcs oOpazoM 3jeMeHTa X € A mpu otoOpakenun f .

MHOXeCTBO TeX IeMEHTOB X € A, /Ui KOTOpPBIX cymecTByeT f(X), Ha3piBaeTcs
00JIaCTBIO OTpeieieHus: oToopaxenus f .

Onpenenenue 3.5. Eciiu otobpaxenne f omnpeneneHo Ha BcéM MHOXKecTBE A, TO

TOBOPAT, YTO 3a7aHo oToOpakeHue A 6 B.

Omnpenenenune 3.6. MHOXecTBO 00pa3oB eMeHTOB X € A mipu otoOpaxenuu f

HaswiBaeTcs obpasom otobpaxkenus. Eciu C < A, 1o o6pas f (C) onpenensiercs, kak

MHO3kecTBO 06pa3os snementos T (X),X e C.

Onpenenenue 3.7. Ecnu 00pa3 coBmagaeT co BCeM MHOXKECTBOM B, To roBopsT, 4TO

3agaHo otoOpaxkenue A Ha B, mmnuro f - CEOpbeKTUBHOE OTOOpaKCHHUE, WU CIOPBEKITHS.

(ITpu 3TOM TpeOOBaHUE BCIOY OTPEIEIEHHOCTH HE SBISETCS 0053aTEIbHBIM).

Onpeneaenne 3.8. Ecru D B, 10 f (D) 0603nauaer mpooGpas muokecTBa

D < B, 1.e. MHOXecTBO Tex anementos X € A, s kotopeix T (X) e D.
OTMeTHM O4YeBUIHBIE CBOKCTBA 00pa3a u mpooodpasa:
f(f%(D))=D,f(f(C)>C.

Onpenenenne 3.9. Eciu otHOIIeHne E sBNIsIeTCsS B3aMMHO OTHO3HAYHBIM, TO

-1 —
0TOOpaXkeHHe, COOTBETCTRBYIomee E ', HaspiBaercs 06paTHEIM K f u o6osnavaercs f'. Ecmm

IIpHU 5TOM OTHOIIICHUEC E BCIOAY OIMPEACIICHO, TO f HaspIBaeTCs MHBEKTHBHBIM OTO6pa)K€HI/I€M,
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i uHbekuuei. Ecim, kpome Toro, oroOpakeHue emeé U CEOPhEKTUBHO, TO OHO HAa3bIBACTCS

OMEKTHUBHBIM WJIH OUEKIHE.
-1
OTMeTHM, UTO BBIIIE MBI HCIIONB30BAIH 0603HaueHne npoobdpasa f (D) U B CITy4asX,

xorya obpatHoe k f oroGpaxenme f* me cymectByer. Ecim ske o6paTHOE 0TOOpaXKeHHE
-1
cymectsyer, To poobpas (D) moxmno paccmarpusats, kak 06pas MHoxkecTBa D mpu

oto6paxenyn .
Hawubosiee yacto BcTpedaroniumces GyHKIIMOHATBLHBIM OTHOIIICHUEM SIBIIICTCST OOBIYHAS
¢byukuus y = f(X), onpenenéHnas Ha HEKOTOPOM MOJMHOXeCTBE X YHCIOBOM MPSAMOH,

3HAYEHUST KOTOPOi 00pa3yroT MHOkecTBO Y . JleficTBUTENBHO, 3Ty (YHKITMOHAIBHYIO
3aBHCUMOCTh MOKHO TPaKTOBAaTh, KaK 3a/laHUE MMOJIMHOXKECTBA B MHOKecTBe X XY , B KOTOpOe

BXOJAT Te Tapbl (X, Y), JUIsl KOTOPBIX BBITIOJIHEHO paBeHCTBO Y = f(X) . M300pakeHue 3Toro

MHO>KECTBA Tap Ha TUIOCKOCTH HOCUT Ha3BaHUE rpaduka QyHKIIHH.
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Bunem 4. Muosicecmeo oeiicmeumentbHuix yucen. Axcuoma
OmoeauUMoCmiu.

[IpenBapuTenbHbIe CBEICHUS O HATYPATbHBIX, IIEIBIX, PAIMOHATBHBIX
yucnax. Ha sk3amene cogepxkanue nyHKToB 4.1, 4.2, 4.3 cnenyert 3HaTh, HO MOXHO
He pacckasbiBath. (ConeprkaHue MyHKTa 1” MOXKHO U HE 3HATh, CBEACHUS 00
akcuomatuke IleaHo mpuBeEHbBI UCKIFOUUTENBHO JIJIsI OOIIETO Pa3BUTHS. )

4.1. HarypajbHble YHucJia

HartypanbHoe 41ClIo MOKHO TaK)Ke€ OTHECTU K TEM MOHSATUIM, KOTOpPbIE
WHTYUTUBHO SICHBI KQXKJIOMY Y€JIOBEKY U, pa3yMeeTCsl, CBOMCTBA dTUX YHCE
M3BECTHBI U3 Kypca cpeHeil mkobl. B 3ToM maparpade Mbl HAMOMHUM 3TH
CBOMCTBA

CrnoxeHue HaTypaJibHBIX YuceN 00J1a/laeT CleIyIOUUMHU CBONCTBAMU:

1. a+(b+c)=(a+b)+c (acCOMaTUBHOCTD, UM COUYETATEIIHHBIN 3aKOH).
2. a+b=b+a (KOMMYTaTUBHOCTb, UJIM IEPEMECTUTEIIbHBINA 3aKOH).

JI71s1 HaTypalbHBIX YKCeN a,b eCTeCTBEHHO BBOJIUTCSI OTHOIIECHUE MOPSIKA
MEHBIIIC WX PaBHO, 00O03HauaeMoe <, U JIsl JIFOOBIX YUCeN a,b BBIMOIHSAETCS
100 cooTHolIeHne a<b, Mmoo b<a.

OTtHomieHue nopsika 001a1aeT TAKUMHU CBOMCTBAMU:

1. Ecnun onHoBpemenHo a<b um b<a,To a=b.
2. Ecim a<b mb<c,T0 a<c.
3. Ecnu a<b, To a514 Bcex ¢ BbINOJIHAETCS: a+C<b+cC.

YMHOXEHHE HaTypalIbHBIX Yicesl 00JaaeT CIeyIOIIMMHI CBOMCTBAMMU:
a(bc) =(ab)c (acconMaTUBHOCTH, UJIM COYETATEIIBHBIN 3aKOH).

ab=ba (KOMMYTaTUBHOCTb, WJIH MIEPEMECTUTEIbHBIN 3aKOH).

Ecnn a<b, TO 1 BCex HaTypajabHbIX C BBIIOJHAETCS: ac < bc.
a(b+c)=ab+ac (IUCTPUOYTUBHOCTh YMHOXKEHUSI OTHOCUTEIBHO CJIOXKEHUS,
WM paclpeesIuTeIbHbIN 3aK0H ).

MHoecTBO HaTypalibHbIX yncen obo3Hayaercss N.

Mp1 He OyzneM noapoOHO OCTaHABIMBATHCA HA MO3UIIMOHHBIX CUCTEMAaX
CUMCIICHUS, KaK CpPeICTBaxX AJid u300pakeHus uucen. B mikone, 1a u B
OOJIBIIMHCTBE BBIUUCIECHUMN, UCTIOJIb3YETCS MPUBbIYHAS AECATUYHAS CCTEMa
curcienusa. OTMETUM, OJIHAKO, YTO B pAJie 3a/1ay OoJee y100HbI, HapuMep,
JBOMYHAS WJIM TpOUYHAs cucTeMbl. Takke B KayecTBe mpUMepa U300pa3uM YUCiIo
100 B nBomunoi cucteme: 1100100 (tak kak 100=1-64+1-32+0-16+
0-8+1-4+0-2+0-1).

>N e

4.1". Axcuomsl Ileano

bonee rmy0okoe npencTaBieHue O HATypalbHBIX YMCTIAX, JAET
npeanoxenHas B 1889 roay JIx. [leano cucrema akcuom:
1. Enunuia — natypanpHoe unciao. OHa 0603Ha4aeTcss CUMBOJIOM 1.
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2. Jl71s1 1r000T0 HATYPaJIbHOTO YKCiIa N CYIIECTBYET €IMHCTBEHHOE
HATypaJIbHOE YUCIIO, 32 HUM clieayromee. OHO 0003HAYaETCs] CHMBOJIOM N’
3. Enununa He ABASETCS YUCIIOM, CICAYIONIUM 32 KAKUM-HUOY b
HATypaJbHBIM YHUCIIOM.

4. Ecnu wucno n°, crieayroriee 3a HATypajibHBIM YUCIOM N, paBHO YKCIy M’
CJEAYIONIEMY 3a HaTypaJbHBIM YHCJIOM M, TO M=N,
5. [TycTh MHOKECTBO A HATypaJIbHBIX YKCEJ 00J1a/1aeT CIICTYIONUMHU

CBOMCTBaMH: 1€ A M M3 TOTO, 4T0 N€ A cneayeT, uto N° € A, Toraa MHOXKECTBO A
COBNAJIAET C MHOXKECTBOM HATYPAIbHBIX YHUCEIL.

[TaTas akcuoma ABIAETCS OCHOBOM METOJa MATEMAaTUYECKON UHAYKIUH.

C nomMonip0 aKkCMOM MOKHO CTPOTO OMPEAEIUThH ONEPALUIO CIOKECHUS.

Beskoii mape & b HaTypaJIbHBIX YUCEJ CTABUTCSI B COOTBETCTBHUE TPETHE
HaTypaJlbHOE YUCII0, Ha3bIBAEMOE UX CYMMOH 1 0003HadaeMoe a+b , mo

cIeyIomuM npaBuaam: a+1=a’, a+b"=(a+b)"

C OMOIIBI0 aKCHOM MOKHO OIPEICTUTh TAKIKE ONEPAIIUI0 YMHOKCHHSI.
Besikoit mape @D HaTypampHBIX uncen cTaBUTCS B COOTBETCTBHE TPEThE
HATypaJIbHOE YUCIIO, HA3bIBAEMOE X MPOU3BEACHHEM H 0003HauaeMoe a-b, mbo
npocto ab, mo crexyomuM npasmiam: a-1=a, ab =ab+a.

JIi1st 3aMHTEPECOBAHHOTO YUTATENsI (MBI BEPHM, TAKHE €CTh!) MPUBEIEM
pUMeEp J0Ka3aTeabCTBA OJJHOTO U3 CBOWCTB HATYPAIbHBIX YHCEII, HAPHUMED,

paBencrpa a(b+c)=ab+ac,
ITo onpenenennro ymHoxenus, 1(b+c)=1-b+1-c =b+c. [Ipeanonoxus, 4ro

PABEHCTBO BBIMIOJIHEHO JIJIsl yucen & b,C nokaxewm ero mis uncen &0,¢
JIeNCTBUTENBHO,
alb+c’)=a(+c) =a(b+c)+a=ab+ac+a=ab+(ac+a)=ab+ac’,
4TO U TpeOOBaNIOCh 10KA3aTh.
4.2. lleable yucaa

[ToTpeOGHOCTH B BEIYMCIICHUAX HE MO3BOJISIIOT OTPAHUYUTHCS TOJIHKO
HaTypajJbHBIMU YUCIaMHU. ECTECTBEHHO NOMOJHUTH HATYpajbHbIC YKcia Yuciaom 0
U OTpUIlaTeIbHBIMU yuciaamMu. Yucno 0 , mo onpeaeneHuto, ooiagaet
CJIEAYIOINMU CBOMCTBAMU: JIJIs TIOOOT0 HATYPAIBLHOIO Ynciia @ BBITOIHSIIOTCS
paBeHcTBa a+0=a,a-0=0.

HertpynHo nokazate, yto 0 omnpenensieTcs STUMU CBOMCTBaMHU
€JMHCTBEHHBIM 0Opa3oM. B caMoM Jierne, eciu Mbl IpeAnoa0XuM, 4TO €CTh JIBa

3JIeMeHTa, 06J1aJal0NX YKa3aHHEIMK cBoMcTBaMH, Hampumep, O 02, To momyunm,
gyto 0,=0,+0,=0,

Tou4HO Takxke, /s IIPOM3BOIBHOIO HATYPATLHOIO YHC/IA & ONpeelhM
TIPOTUBOIIONIOKHOE EMY UHCIO —& KaK TAKOE, UTO BBITIOJIHAETCS PABEHCTBO
a+(-a)=0 r.e. xak penrenue ypaBHeHns X+a=0 HaTypanbHble icia, uM

MIPOTHUBOIIOJIOKHBIC YUciIa ¥ uncio 0 o0pa3yroT HOBOE MHOXKECTBO, Ha3bIBAEMOE
MHOKECTBOM IIEJIBIX Yrcel. MHOXKECTBO LENbIX unceda o0o3Havaercsa Z.
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Mp1 He OyzieM oIpOOHO OCTaHABIMBATHCS HA TOM, KaK OMEPAINH CIOKEHHUS
Y YMHOXEHUS U OTHOLLIEHUE HEPABEHCTBA MEPEHOCATCA C MHOKECTBA
HATYPAJIbHBIX YACEJl HA MHOKECTBO LIEJIBIX YUCEIl, CUUTASA ITO U3BECTHBIM, a
MIPOCTO MEPEYUCITUM CBOMCTBA LEenbIX uncell. ClioKeHHe LeJbIX Yhcelsl 00J1agaeT
CIEIYIOIIMMU CBOMCTBAMU:

1. a+(b+c)=(@+b)+C (accommaTHBHOCTB, MM COYETATENHHBIH 3aKOH).

2. a+b=b+a (KkOMMyTaTHBHOCTb, WM TIEPEMECTUTEIILHBIN 3aKOH).

3. Cy1iecTByeT HEMTpaIbHBINA 3JIEMEHT MO CIIOXKEHUIO, Ha3blBaeMbli (), Takoii,
4TO JUISL TFOOOTO IIEJIOr0 YKCIa d BBIMOJIHIIOTCS paBeHcTBa a+0=a,

4.  JInst mpOU3BOJILHOTO IEJIOTO YUCIIA & CYIIECTBYET MPOTUBOIOJIOKHOE EMY

YMCJIO —a TAKOE, YTO BHIIONHAETCA papeHcTBo &+ (-a)=0,
CBOICTBO 4 1103BOJISIET ONPEIEUTH HA MHOKECTBE LEIbIX YHCEIT OMEPALHIO

BBEIYMTAHHUS C IOMOIILIO paBeHcTBa a—b=2a+(-b),

C anreOpanyeckoil TOUKU 3pEHUsI 3T CBOMCTBA 03HAYAIOT, YTO MHOXKECTBO
LEeJbIX YACEeN C BBEEHHOM Ha HEM orepanuei cioxeHus: oopazyer
KOMMYTAaTUBHYO TPYIITY.

VYMHOXKEHHUE LEbIX YNUCceN 00J1aJaeT CIEAYIOUMMHI CBONCTBAMU:

1. a(bc) =(ab)c (accormaTHBHOCTD, MITH COYETATETBHBIH 3aKOH).

2. ab=Dba (KOMMYTaTUBHOCTb, HJIU IEPEMECTUTEIBHBINA 3aKOH).

3. a(b+c)=ab+ac (qucTpubyTHBHOCT YMHOKEHHUS OTHOCUTENHHO CIIOKEHHS,
WM paclpeesIuTeIbHbIN 3aK0H ).

4. CylecTByeT HelTpaIbHBI 2IEMEHT O YMHOKEHHIO TaKoii, uto  al=a

JU1s TF000TO a.

C anreOpandeckoil TOYKM 3pEHUS 3T CBONCTBA 03HAYAIOT, YTO MHOXKECTBO
IIEJIBIX YUCEIT C BBEIEHHBIMU Ha HEM OIEpaIusIMi CJI0KESHUS YMHOKCHHSI
o0OpasyeT KOJIbIIO.

I[JISI OCIbIX YHCECII a,b CCTCCTBCHHO BBOAUTCS OTHOHMICHUC IMOPAAKA MCHBIIC

WM paBHO, 0003HauaeMoe <, M juIsl MoObIX uncen &0 mu6o a<b, mubo b<a.
OTtHomieHue nopsika 001a1aeT TAKUMHU CBOMCTBAMU:

1.  Ecmum ogHoBpeMeHnHo a<b m b<a to a=b.

2. Ecmm as<bmb<c, 10 a<c,

3. Ecaun a<b, 1o gis Bcex C BeImoaHsercs:a+c<b+c.

4 Ecnmu a<b, To s BceX HATypalbHBIX C BBIOJHSACTCS: aC <bC, a y1s Bcex

OTPHUIIATENLHBIX MEJIBIX YHCEN C - MPOTUBOIOIIOKHOE HEPABEHCTBO aC > bc .,

JIJIST IeTbIX YHCeNT MOKHO ONPEICTUTh OHATHE TISTUMOCTH. [ 0BOpSAT, 4TO
IEJIOE YMCIIO0 & JETUTCS Ha [eJ0e YHCIo M Oe3 ocTaTKa, €Clid CYIIECTBYET IIeJIoe
gucio C Takoe, yTo @ =mMmc. (OObIYHO 3TO 0003HAYAIOT CIAETYIONIUM 00pa3oM:

m|a_) Yucno @ Ha3bIBaeTCs ACTMMBIM, YUCIO M — eluTeNeM, Yucio C —
YacTHBIM OT JcjeHus. Ecnu ke a He neauTcsa Ha 4uciio M 0e3 ocTaTka, TO €ro
MOHO €JIMHCTBEHHBIM 00pPa30M MPEJICTaBUTh B BUAE a=mMC+r, rae 1<r<m-1.
Tem cambIM, MBI OJTYYUIIU PABEHCTBO @ =MC+ I, BepHoe ipu 0<r<m-1.
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3aduxcupyem mpou3BOJILHOE 11eJ10e uncyio M#0 1 Ha30BEM J1Ba MENIBIX

gpcna &0 cpapHMMBIME TTO MO0 M (uTO OGO3HAYaeTcs &=b(modm)) ecnu
pasHocTh a—b memutcs Ha M. Jlerko BUAETh, ONPEACIEHHOE TAKUM 00pa3oM
OTHOIIIEHHE 00JIa7aeT BCEMH CBOMCTBAMU OTHOILIEHHS DKBHUBaJIEHTHOCTH. Kacchl
HKBHUBAJICHTHOCTH HA3bIBAIOTCS KJIACCAMHM BBIYETOB IO MOJIYJII0O M, B KAYECTBE
CUCTEMBI MPEJCTABUTEICH MOXKHO B35ITh BCEBO3MOKHBIC OCTATKH OT JICJICHUS Ha
m, 1.e. yncna 0.1....M-1 310 MHOXKecTBO 0O03HAUAETCH Zpy.

CymMy BbIYETOB @ M b ompejenseM, Kak OCTaTOK OT JCJICHUS Ha M 4ucia
a+b, mpousBeneHne BEIUETOB @ M b ompenenseM, Kak OCTATOK OT JCJCHUS Ha M
yucia ab. Onepanuu Haja BeIYeTaMu 00J1a/1al0T TEMH JK€ CBOMCTBAMM, YTO U
oreparyy HaJ| [eJIbIMH YUCIIaAMHU.
4.3. PanuoHajJbHbIE UHCIA

Kak oTmMeueHo BbIllie, ypaBHEHHE aXx=Db, rae a,b-menbie yuciia uMeeT

EJIOYHCIIEHHOE pEeIlIeHHEe TOJIBKO B TOM Clly4yae, KOT/ia Yuciio b menuTes Ha 9ucio
a 0e3 ocratka. Jlyig TOro, 4TOOBI 3TO YpaBHEHUE MOKHO OBLJIO penaTh NpU BCeX

a,b ¢ ycnoBuem a#0, cnegyer paciIMpUTh MHOKECTBO PACCMaTPUBAEMBbIX YUCEN,

BBeJA IpoOU U, TEM CaMbIM, 00pa30BaB MHOKECTBO PAILIMOHAJIbHBIX YUCEN.
DTO MHOXKECTBO COCTOUT U3 MHOXKECTB PaBHBIX Ipodel (HATOMHUM, 4TO APOOH

ac
g MASHIBAIOTCS PABHEIMH, ECITH ad =bc).

Wnorpa 1o onpeiesieHue BbI3bIBaeT HeAOYMEHUE. YTo ke 3TO Takoe,
panroHaIbHOE Yucio? Beé-Taku, 3TO YMCI0 WK MHOXKeCTBO? OTBET MPOCT — 3TO
YHCII0, KOTOPOE MOXHO M300pa3UTh C MOMOIIbIO JIFOOON U3 OECKOHEYHOTO
MHO>KECTBa paBHBIX JipoOei. [Ipu 3TOM 1enble yncna, pazymeeTcsi, ToxKe
SBIISIIOTCSL PAlIMOHATBHBIMHY, T.K., HATPUMED, 2 = % = g = g =...

Onepanuu Hag ApoOSIMH ONPENEIIIOTCS TaK: a,c_ad+he a.Le_a

b d bd b d bd
Jliist onepanuu cioxeHus: ApoOeit 3To onpeeneHre 03HavaeT, YTo Mbl CHavasa
MPUBOANM JIpOOH K 00IIIeMy 3HAMEHATEINO0, T.€. 3aMEHIEM KaXIyI0 U3 HUX PaBHOU
et 1poObI0, UMEIOIIICH 3HaMeHaTeb DA | 3aTeM CKi1aIbIBACM YHCITHTEIH
MOJIYYMBIINXCS IPOOEH.
HeTpynHo npoBepuTh, 4TO OINpeeseHHe onepanuidi KOppeKTHO, T.€. U4TO

€CJIM 3aMEHUTh JpooU %g PaBHBIMH UM JPOOSIMH, TO UX CyMMOI OyAeT 1poOb,

paBHas % , 4 IPOU3BEJICHUEM — JIPpOOb, paBHAs % :

CgoiictBa 1-4 1 cnoxkeHus v CBOMCTBA 1-4 111 yMHOXKEHUSI, UMEBIINE MECTO
JUTSL LEJIBIX YMCEN, Pa3yMEETCs, COXPAHATCS U I PAlIMOHAIBHBIX YHCEI. DTO
MOYKHO MPOBEPUTH C MOMOIIBIO MPOCTHIX, HO TPOMO3JAKHUX BBIKIAJ0K, KOTOPHIE MBI
OITyCKaeM.
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Hakonern, st 1100010 OTJIIMYHOTO OT HYJIS pallMOHAIBHOrO yucia &

CYILECTBYET €IMHCTBEHHOE, 0OPATHOE 110 YMHOKEHHIO YHCTIO & ', T.e. TAKOE, UTO
aa’=a'a=1. OHo omnpexeseTcs Tak: ecid a= >, p=0, peZ, qeN, 10 g+ = 4.
q p

Omnepanys JeleHus onpeensercs Tak: I T00bIX palMoHaIbHBIX yncen & 0,0 #0

nonaraem a:b=a"b.

C anre6pandeckoi TOUKH 3pEHHSI MHOKECTBO PallMOHATIBHBIX YHUCEIT C
BEJIEHHBIMU B HEM OTEpallUSIMU CIOKEHHS U YMHOXKEHUSI 00pa3yeT moJie.
Ha MHOkecTBe paliluOHAIBHBIX YHCETT OTHOLIEHUE TTOPSAIKA BBOJIUTCS TaK.
CunTaeM palMoHaIbHOE YHUCIIO MOJOKUTEIBHBIM, €CJIH €T0 MOKHO NPEACTABUTH
TpOOBIO
azg, peN, ge N. PanmoHanbHOE YHCIIO azg, peZ, qeN cuuraem

OTpHUIIATENILHBIM, ecli uuciio P - orpunarensroe. [lo onpenenenuto a>b, ecnu

pasHocTh 8—P — monosxurensHoe uncio u a<b, ecnu pasHocts a-b -
OTpULIATENIBHOE YnCIIO. M3 aTOrO onpeneneHus cpasy CleayeT, 4To
MOJIOXKUTENIBHOE YUCIIO @ YAOBIIETBOPSET HEPABEHCTBY @ >0, oTpuuaTenbHoOe
YUCJIO @ YAOBJIETBOPSiET HEpaBeHCTBY a<0.

OTtHolueHue nopsika o01a1aeT TaAKUMHU CBOMCTBaAMU:
1 Ecnu ogHoBpeMenHo a<b m b<a to a=b.
2 Ecmm a<b mb<c, 1o a<c.
3. Ecaun a<b, 1o gms Bcex C BeImoaHsercs:a+c<b+c.
4 Ecmu a<b, 1o 1s Bcex HEOTPHIIATENBHBIX YUCEI C BBIMOJHsIETCS: ac < bc,
a JUTsl BCeX OTPUIIATENIBHBIX YHUCEI C - MPOTHUBOIOJIOKHOE HEPAaBEHCTBO ac > bc.

Chopmynupyem e€ oaHy BaKHYIO0 aKCHOMY — «aKCHOMY ApXuMeaa»:

Jlist mo0oro yuciia @ CymecTByeT HaTypajdbHOE YUCIO N TaKoe, YTO BBIMOJIHAETCS
HEPAaBEHCTBO a<n.

N3 xypca cpenHel MKOoIbI U3BECTHO, YTO PALIMOHAIIBHOE YUCIIO
n300pakaercsa TMO0 KOHEYHOU, TMO0 0€CKOHEUHOU MEePpUoIMUECKON NeCATUYHOM
Ipo0bI0. DTO MPE/ICTABIIEHNE EJUHCTBEHHOE 3a UCKIIIOUEHHEM TEX CIIy4aeB, KOraa
YKCJIO MOKHO NPEJICTABUTh KOHEUHOM AECATUYHON JPOOBIO
4.4, [lelicTBMTEJbHbIE YHCJIA

OnHol n3 BaXKHENIINX 3a]a4 SBJIAECTCS 3a/1a49a U3MEPEHHUSI Pa3INYHBIX
BEJINYMH.

PaccmoTpum noapoOHee 3a1auy u3mMepeHus oTpe3koB. Bribepem npsimyro Ha
MJIOCKOCTH, BBEIEM Ha HEM TOUKY OTcu€Ta, 0003Hauaemyro O, U 0Tpe30K
€AMHUYHOM JJIMHBI, TO TOJY4YHM, YTO JIFOOOMY pallMOHATBHOMY YUCILY MOXXHO
COIMOCTaBUTh €IMHCTBEHHYIO TOUKY M 3Toil npsiMoi, moTpedoBaB, 4TOObI AJIMHA
orpe3ka OM paBHsIach aOCOTIOTHON BEJIMUMHE 3TOTO YKciia U yToObl Touka M
Jexana crupasa oT ToUku O JU1s TOJIOKUTENIBHOIO YNCIIA U CIeBA OT TOUYKU O -
IUI OTPULIATENIBHOTO YKcia. Ha rmepBelil B3IV KaXeETCs, YTO pallMOHAIbHbIE
TOYKH 3aIOJHSIIOT OO0 BCIO npsiMyro. OJIHAKO 3TO BOBCE HE Tak. J{nuHa
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JMaroHaj Il KBajapaTa cO CTOPOHOW €IMHUYHOM JITTMHBI HE MOXKET ObITh BhIpaXK€Ha
HUKAaKUM PAallMOHAIBHBIM YHCIIOM.
JIoKa)keM 3TO yTBEPKAECHHUE, UCIIOIB30BAB METO OT MPOTUBHOTO. J{J1s1 3TOTO

m
MMPpCAIOJJIOXKUM, UTO 3TA JJIMHA BbIPpAKACTCA YHMCJIOM BUd — , IIC HATYPaJIbHbIC
n

gyyciaa m,n He UMEIOT O0IuX aenurteneid, kpome uncia 1. Toraa, mo Teopeme

2
m
[Tudaropa, (—] =2,m’ =2n?. U3 mocaeaHero paBeHCcTBa Cieayer, 9to m -

n
yéTHOE YnCiIo (MHAYE KBAaapaT 3TOTO YUCIa ObUT ObI HEUETHBIM YHCIIOM BOTIPEKH
3TOMY PaBEHCTBY), T.e.m=2m,. CriemoBaTenbHo, 4m’ =2n?, 2m> =n’. 3HayuT, N

TaKKe 4€THOE uncio. [ToryyeHo npoTuBopedne ¢ Npeanoa0KeHUEM, COCTOSIIEE B
TOM, YTO 00a 4ncia m,n - 4ETHEIC.

Takum oOpaszom, 1 penieHust 3aa4u 00 U3MEPEHUHN JITTUH  JTHO0BIX
OTPE3KOB MHOKECTBA pallMOHAIBHBIX YKCEN HeoCcTaTouHO. [Ipunércs pacmpursb
MHO>KECTBO PaCCMaTPUBAEMBbIX YUCEI, IOMOJHUB €r0 HOBBIMU O0BEKTAMH,
MppalroHaIbHbIMK ynciaamMu. Hameil nenpto ceituac Oyner noctpoeHue
MHOeCTBa R eHCTBUTEIBHBIX YKCEl (TaK)Ke Ha3bIBAEMbIX BEIIECTBEHHBIMU
quciamMu), KOTopoe OyaeT 00bEeIUHEHHUEM MHOXKECTBA PAlIMOHAIBHBIX YUCET U
MHOKECTBa UPPALMOHAIBHBIX YHUCEN, TPUUEM 3JIEMEHThl MHOXKECTBA
JNEHUCTBUTENBHBIX YHCENl OyIyT HAXOAUTHCS BO B3AMMHO-0/IHO3HAYHOM
COOTBETCTBHMHM C TOUKaMU IpsiMOit. [[1s1 3TOro HamM moTpedyeTcst AOMOTHUTENIbHAS
aKcHoMa O HEMPEPHIBHOCTH MHOXKECTBA JEHCTBUTENBHBIX Kcesl. HenmpepblBHOCTD
MHOXkecTBa R cocTout B TOM, 4TO B R HEeT “nycToT”. A MMEHHO, CIIPaBENJINBO
CIEAYIOIIEE YTBEPKICHUE, KOTOPOE MBI IPUMEM 32 AKCUOMY.

4.5. Axcuoma 0TeJUMOCTH

Jiist moObIX IBYX HEMYCThIX MHOKEeCTB A 1 B B R, Takux, 4to a1 no0bIx
a e Ab e B Beimonaeno HepaBeHCTBO a <D, CylmecTByeT XOTs OBl OJJHO TaKOE
YHCIIO C, YTO s II00BIX a € A, D € B BrimonmHeHo HepaBeHcTBO a<C<D.

BriepBbie TOUHBIN CMBICTT YTBEPKACHUIO, YTO NIpsiMas ““HENpepbIBHA, AAJl B
1872 rony Hemeukuii marematuk fO. B. P. Jlenekuna. OTmMeTuB, 4To Kaxaas
TOYKa NpAMOU pa30MBaeT MPSAMYIO Ha JIBE YaCTH TaK, UTO Ka)/aasi TOUKa OJHOU
YaCTH PACIOJIOKEHA BIIEBO OT KAXKJIO0M TOUKHU APYroM Y4acTH IPsAMOM, Jlenekuun
nuuieT: “S ycmaTpuBaro Tenepb CyUHOCTh HEMPEPHIBHOCTH B OOPATHOM
MIPUHLIUIIE, TO €CTh B CJIEAYIOIIEM: €CIIU BCE TOUKH MPAMON pacnaiaroTcs Ha 1Ba
KJIacca TAKOTO POJa, UTO KaKJ1asi TOUKA MEPBOro KIJIAcca JIEKUT BIEBO OT KAXKIOU
TOYKH BTOPOTO KJIacca, TO CYLIECTBYET OJHA U TOJIBKO OJIHA TOYKA, KOTOpast
MPOU3BOJIUT 3TO pa3OueHue NpsMoi Ha ABa kiacca”. U nanee: ... g1 pemMTensHO
HE B COCTOSIHMM MPUBECTU Kakoe Obl TO HU OBLIO 10Ka3aTENbCTBO CIIPABETMBOCTH
ATOrO MPUHIHNIIA, U HUKTO HE B COCTOSIHUU 3TOr0 cnenarthb. [Ipunsatue aToro
CBOMCTBA MPSIMOW JIMIIb €CTh HE YTO UHOE, KaK aKCUOMa, IMOCPEACTBOM KOTOPOH
MBI TOJIBKO ¥ IPU3HAEM 32 NMPAMOU €€ HEMPEPHIBHOCTD .

Wrak, neficTBUTENbHBIE YUCIA MPEICTABISIOT COOOM MHOXKECTBO YHCEI C
BBEJIEHHBIMU B HEM OIIEPALMSIMU CII0KEHUS, YMHOKEHUS, BBIYNTAHUS U JEIECHUS,
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Y OTHOIIICHUEM TOPsIAKA, 00JIaat0NMMU OOBIYHBIMU 3aKOHAMU (TEMU XKe, YTO s
panroHanbHbIX uncelnn). KpoMe Toro, B HEM clipaBejiiBa akCMOMa OTIEIUMOCTH.
Kak oTMeueHo BbIIlIe, €CIM OTPAHUYUTHCS MHOXKECTBOM PallMOHATBHBIX YHCEI, TO
aKcroMa OTJIETMMOCTH OKaKeTcsl HeBepHa. Eciiu A —MHOXeCTBO pallOHAIbHBIX

YHUCCJI, MCHBIIINUX, YCM 2 , a B — MHOXECTBO paOHAJIbHBIX YHUCCII 6OJIBH_II/IX,

yem \/E , TO 9TK MHOXECTBA OTAENSAET APYT OT APYra UMEHHO YHUCIIO \/E , KoTopoe
HE SIBIISIETCSL PAllMOHATBHBIM.

Kak ormeuanocs BblllIe, 1€CATUYHBIC MPEACTABICHUS PALIMOHATBHBIX YUCEI
SIBJISIIOTCSI JIMOO KOHEUHBIMHU, TUOO0 OECKOHEUHBIMU MEPUOTUIECKUMU
NeCATUYHBIMU JIpoOsiMu. EcTecTBEHHO paccMOTPETh U BCE OCTaJIbHBIE, T.€.
OECKOHEUHBIE HEMEPUOANUYECKHUE JIECATUUHBIC IPOOU, KOTOPHIE MPEACTABISIOT
UppalMoHaibHbIe ynciia. TakuM 00pa3oM, JeHCTBUTEIIHHBIC YHCIIa MOYXKHO
MPEJCTAaBUTh B BUJIE OECKOHEUHBIX JECATUYHBIX IPOOEH.

Bepuemcs k 3amaue 006 uamepeHun orpe3kos. [Iporiecc usmepenus IIuHbI
OTPE3KAa MOXKHO 33/1aTh CIEAYIOLIUM AITOPUTMOM. Pacrosokum oTpe3okK Tak,
yTOOKI €ro Havajao coBnagaio ¢ Toukoi O, a koHer| ¢ Toukoit X. Hauném
OTKJIaAbIBaTh OT TOUKU O euHUYHBIN 0Tpe30K. [1ycTh ToUKa X OKaXeTcs MEXIy
TOYKaMU C KOOpAMHATaMu a, U a, +1. Pa300bEéM oTpe3ok [a,,a, +1] Ha aecsaThb

paBHbIX yacTeil. Touka X 1160 coBNaa€T ¢ OTHON U3 TOYEK JeNeHus, 1100
OKa)KeTCSl MEXIy IByMs U3 HUX. B mepBoM ciydae mpoiiecc n3MepeHus 3aKOHYEH,
BO BTOPOM MBI CHOBa pa300bEM 0Tpe30k Ha 10 yacTeil 1 mpoaoKIM aHAIOTUYHO.
Ecnu Ha kakoM-To 11are Touka X COBIaJia C OJHOM M3 TOYEK JIeJIEeHus, TO OHa
OyzeT n300pa)keHa KOHEYHOU JecATUYHOM 1poObto. B mpoTuBHOM ciyyae Oyner
nojyueHa OeCKOHEYHast IeCATUIHasA 1poOb. 1 B TOM, U B APYyroM ciydae TOUKE
NpsIMOi MOCTaBJIEHA B COOTBETCTBUE OECKOHEUHas JlecaTUYHas Apo0b. 3a1aya 00
U3MEPEHUH OTpe3Ka MOJTy4ynia CBOE pelIeHHE.

Pazymeercs, BbiOOp uncna 10 B kadyecTBE OCHOBAHMSI CUCTEMbI CUUCIICHHUS
HE SBJISIETCS €IMHCTBEHHBIM, KaK YK€ OTMEUaIoCh B KOHIIE IepBOro maparpada,
IIMPOKO WCIONB3YIOTCSA JBOMYHAS, TPOMYHAS CUCTEMBI CYMCIICHUS. MBI Ha 3TOM
BOIIPOCE OCTaHABIMBATHCS HE Oy/eM.
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bunem 5. Bepxuaa u nusxcnusasn epanu. Cmazuesarouwiuecs ompes3Ku.

5.1. BepxHsis ¥ HHKHAS T'PAHU

Omnpenenenue S.1. MHOKECTBO A OrpaHUYEHO CBEPXY, €CIIM CYIIECTBYET

Takoe 4ucio M, urovVae Aa<M . IIpu a3ToM uncino M Ha3bIBaETCsS BEPXHEU

TPaHULIEH WA TPaHbiO MHOKECTBA A. MHOKECTBO A OrpaHUYEHO CHU3Y, ECIIH
CYLIECTBYET TAKOE YUCIIO M, UTO Vae Aa> M . IIpu 3TOM ynciio m Ha3bIBAETCA
HWKHEW TPAaHMIIEN WA TPAHBIO MHOXKECTBA A.

Jlerko BUJETH, YTO €CJIM MHOKECTBO A OrpaHUYEHO CBEPXY (CHU3Y), TO
mo0oe uucio, oonbiiee M (MeHblliee M) Toxke OyneT ero BepxHel (HuKHel)
IrpaHuULICH.

Omnpeneaenue S.2. Eciii MHOKECTBO A OTpaHUYEHO CBEPXY, TO

HavMEHbIIas U3 €r0 BEPXHUX I'PAHEN Ha3bIBAETCS TOYHOM BEPXHEW IPAaHbIO A 1

o0o3HavaeTcst SUp A.

Teopema S.1. Eciii MHOXKECTBO A OrpaHUYEHO CBEPXY, TO

CYLLIECTBYET TOYHAs BEPXHsAS IPaHb 3TOIO MHOXKECTBA.

Joka3ateabcTBO. BribepeM MHOkecTBO B Takum, uTo
Vae AVbeBa<b(r.e. B- 5310 MHOXeCTBO Bcex BepxHUX rpaneii A). Jlokaxkem,
YTO MHOXECTBO B MMeeT HauMeHbIIuH 37eMeHT. [o akcrnoMe oTaenmmMocTH (CMm.
ouner 4) cymectByer Takoe Ce R, uro Vae AVbeBa<c<b. Tak kak mis
Bcexa € A umeeM a < C, 4uCIIO C SIBISCTCS BepxHe rpanbio A. Tak Kak Ijs Bcex
Vb e Bc<b, gncmo C — HauMeHbIIIEe CPEIU PIEMEHTOB MHOXKeCTBa B. Takum

oOpaszom, C=SUp A, 4To u TpeOOBAJIOCH TOKA3aTh.

Onpenenenue 5.3. Ecau MHOXKECTBO A OrpaHUYE€HO CHU3Y, TO HauOoJIblas

13 HIOKHHUX TPaHel Ha3bIBaeTCsA TOYHOW HUXKHEH rpaHbio A n obo3Hauaercs inf A.

Teopema 5.2. Eciiit MHOECTBO A OrpaHMYEHO CHU3Y, TO

CymieCTBYCT TOUYHAA HUKHASA I'PAHb 9TOI'O MHOKCCTBA.

Jloka3aTeabCcTBO. /[0Ka3aTeNbCTBO MOYKHO MPOBECTH JBYMsI CIIOCOOAMU.
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1 cmoco6. I1o ananoruu ¢ Teopemoit 5.1. paccMoTpeTh MHOXecTBO D
HIWKHUX rpaHeil MHoxecTBa A. [IpumenuTs akcroMy otaenumoctu k D u 4. o
aKcHoMe OTaAeauMOcTH (cM. OmeT 4) cymectByeT Takoe d € R, uto s Bcex
be D, nis Bcex a € A umeer mecto HepaBeHcTBO b < d < a. Tak Kak I Bcex
a € A BeimonnasieTcs HepaBencTBo 0 <@, d sBisiercst HKHEH rpadbio 4. Tak Kak
nist Beex be D umeem b <d, d — Haubosbiast cpeiu HIXKHUX MpaHel MHOXKECTBA
A, 1e. d=InfA.

2 cnoco6. OnpesienM MHOXKecTBO -A Tak: — A={~a,ac A}. Ecim A
OrPaHUYCHO CHU3Y, TO -A OrPaHUYCHO CBEPXY, Mo3ToMy Isup(—A), kpome Toro,
inf A=sup(—A).

5.2. CraruBaloimecs 0Tpe3kKu

Onpenenenne 5.4. Cuctema otpeskos {[a,,b, | k € N } nassisaetcs
eénoncennoit, ecm Vk[a, b, |o[a,..b,.,]

Teopema 5.3. JTro0as BIOXKEHHAS] CUCTEMA OTPE3KOB UMEET XOTS

ObI OJIHY OOIIYIO JJIsI BCEX OTPE3KOB TOUKY, T.€. JaeR:
vk aela,,b, | MapiMu ciosamu, 3a: ae([a,,b, ] um N[a, b, ]=O.
k=1 k=1

Joka3zatenbcTBO. Bribepem mHOkecTBa A u B Tak, uto

A=[a,, a,...a,],B=[pb,b,...b ]. Jlnst TOro 4T06HI NPUMEHUTH AKCUOMY
OT/ICJIUMOCTH, HEOOXOIMMO J10Ka3aTh, 4T0 VK,| BRIMONHSIOTCS HEpaBeHCTBA
a, <b,.

BoiGepem m tak, uro m>max(k,l). Torna @, <a_,b.  <b,. 3uauur,
dceR: VKl a <c<b, nonarasl =k, momyunm: VK a, <c <Db,. Takum

o0pasom, C - o0mias st BceX OTPE3KOB ToUKa. Teopema JoKa3aHa.

Omnpenenenue 5.5. Cucrema OTpe3KoOB {[an b, ], n=123.. } Ha3bIBAETCS

cmazusarowelica CUCTEMON OTPE3KOB, €CJIU JUIMHBI ATUX OTPE3KOB cTpemsTces K 0

npu # > 1e. Ve>0 IN(e) Vn>N(g) b —a <e.
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Teopema 5.4. OO1iasi Touka CTATUBAIOIICICS CUCTEMBI OTPE3KOB

€IUHCTBEHHA.

JlokazaTeJbCcTBO. JlomycTuMm, 4To €cTh 2 O0LIME TOYKU C, #C, C, <C,.

C,

Toraa vk [a,b, |> [c,c,]. Bosbmem e = %Cl Haiinercs takoe N(g), uto s

moboron>N() b, -a, <e.

OnHOBPEMEHHO OIYy4YaeM, 4TO

b,-a, <e
a,,b, |olc,,c - - _
[ ]U[l 2] 2—C1<C22C1 0TKYII&%<0-H03=%>O-T6M

b,-a,>c,—¢
caMbIM, MBI TIPUIILIN K POTHBOpEeYHIo. TeopeMa mokazana.

3ameuanus:
o TOYKA C SIBJISICTCS TOUHON BEpPXHEH I'PaHbI0 MHOXKECTBA JIEBBIX OTPE3KOB H
TOYHOW HUKHEH TPaHbI0O MHOXKECTBA MPaBbIX KOHIIOB ATUX OTPE3KOB;
o BJIO’)KCHHAS CHCTEMa HHTEPBAJIOB MOYKET HE HMETh OOIIYIO0 TOUKY, KaK
MOKa3bIBaCT

Ipumep. PaccmoTpum (an Lol )= (0 ,1/ n), n=12,... Y 3TuX HHTEPBAJIOB HET
o0111e# TOYKU — JOKaXKEM 3TO OT MpOoTUBHOTO. Eciiu Ob1 00111251 Toukax ObLIA, TO

OHa MpUHaIekKana Ob1 mepBomy uHTepBany, .. €(0,1) , 0 <a <1. Beibepem

1 1 1
guciio N € N Tak, ytoObl — <, T.e.N >—. Tornaa ¢ (0,—) Bompekwu
n a n

MMPCAINOJJIOKCHHUIO.
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bunem 6. Ilpedenvnvie mouxku

Onpenenaenne 6.1. OxpectHocThi0 U (2) Toukn a Ha3bIBaeTCs JIH000H MHTEPBA,

coaepKalui ToUKy a. Yame Bcero paccMarpuBarOT CUMMETPUYHYHO OKPECTHOCTD
pamuyca 6, U,(a) (a—d,a+3). [IpoKOIOTON OKPECTHOCTRIO TOUKH & HAa3bIBAETCSI
OKpPECTHOCTh TOYKH &, U3 KOTOPOI MCKIIFOUEeHa caMa TOdYKa a, T.e.
.U(@=U(a)-a

Omnpenenenue 6.2. a - npeaenabHas TOYKa MHOXKECTBA A, €Clid B JIFOOOM

IPOKOJIOTOM OKPECTHOCTH TOUKH @ €CTh TOYKH U3 MHOKecTBa A: VU (a)U (a) T
B onpeneneHuy He ckazaHo, 4To a € A. B npuBeIeHHBIX HIKE IPUMEPAX
BCTPETATCS CUTYALUK, U KOTa IpeIelibHas TOUKa d MHOXKECTBA A IPUHAIIEKHUT
CaMOMY MHOX€ECTBY A, M KOI'/la OHa He IPUHAIJIEKHUT MHOXKECTBY A.
Ipumep 1. Ilycts A= [a,b]. JIro6as Touka ¢, He IpUHAJIEKAIASl ITOMY

OTpE3KY, HE SBIIACTCS MPEeIbHOM TouKol (puc. 1).

><V

(puc. 1)

Jst mo6oi ¢ ¢ [a,b]MO)KHO yKa3aTh OKPECTHOCThL TOYKHM C, HE

nepecekaroyrocs ¢ [a,b].

Ly

() _(
U7 N

\ A
7 7 ”

a5}
O e

b4

(puc. 2)

JIrob6ast OKpeCTHOCTD JI000M TOUKHU ¢ € [a,b] MMEET HEMyCTOE NMEPECEUCHUE C

[a.b] (puc. 2).
MHOeCTBO IIPEAENBHBIX TOYEK OTPE3Ka - caM OTPE3OK.

Onpepnenenue 6.3. MHOXKECTBO, CojieprKalllee BCE CBOM MpPeeIbHbIe TOUKH,

Ha3bIBACTCS 3aMKHYTBIM.

Mpumep 2. ITycts A=(a,b). Kax u Beime, eciu ¢ ¢ [a,b], TO C HE SABJIACTCS

MPEAETBHON TOUKOU A. { 3 i
a b ¢

Ho mio6as okpecTHOCTH M060i# ToukH ¢ € [a,b Jameer nemycroe

nepeceuenue ¢ (a,b),
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TTo>TOMy MHOKECTBOM HpeIeNbHEIX ToueK MHTepBana (a,b) sensercs
OTPE30K [a,b]. B sTOM cityuae koHIbI @, b 3TOr0 OTpEe3ka — npeebHbIC TOYKH
(a,b), e npunamTexamue (a,b).

Teopema 6.1. Eciiu A - 6eckoHeuHOE OTpaHUYEHHOE MHOXKECTBO,
TO CYIIECTBYET NPEAECIbHASA TOUKAa MHOXKECTBA A.

({Ipumeuanue k popmyruposke meopemul. MHONCeCMB0 A oepanuyeHHoe -

amo o3nauaem, umo 3c,d Yae Ac<a<d, beckoneunoe, m.e. cooepaicum
OeCcKOHeuHO MHO20 MOYeK.)

JlokaszaTenbeTBo. Paccmorpum otpesok [c,,d, |=[c,d]. Pasnemum ero na 2

paBHbIe yacTH. XOTs ObI B O/{HY U3 TIOJIOBUH OTPE3Ka BXOJUT OECKOHEUHOE
MHOKeCTBO Touek A. Bo3bMeM MOJTydEHHBIH OTPE30K [c,,d, [ Toxke pazmennm ero

Ha 2 paBHbIE YacTU. XOTA ObI OJIMH U3 MOIYYEHHBIX OTPE3KOB [c,,d, [ToXKe

COZICPKHUT OECKOHEUHOE MHOXeCTBO Touek n3 A. [Ipogoimkum mporiece neneHus
oTpe3koB. B utore umeeM cucreMy criruparomuxcs orpes3kon. [lo Teopemam (5.3,
5.4) 3Ta cucTeMa UMEET €JUHYIO JIJIsl BCEX OTPE3KOB TOUKY €. Y TBEPKIAEM, YTO
TOYKa C - TIpe/ielIbHas Touka MHOXkecTBa A. BeiOepeM mpon3BOIbHYI0 OKPECTHOCTh
U(a) u B Heit okpectHOCTh U, (c). Ilocie 3Toro Bo3pMeM N Takoe, YTo0bI THHA

dl -G d1 -G
oTpeska [an,1, b1 ], paBras — 2, okasanach MeHblue &, T.€. — < 5
2
<:>2n>d1_cl dl_cll

< n>log,

(r [\ 1) S
\L U ) 1) v
dn+1 C bn+1

(puc. 5)

Tak Kak, oueBHaHO, [, .,,b,.,]cU,(C) (cm. puc. 5), u Tak Kak [a,,q, by1]

n+1?

COJCPIKUT, 11O MOCTPOCHUIO, 0ECKOHEUHOE MHOKECTBO TOYEK U3 A, IMPOKOJIOTasA

OKpeCTHOCTH U 5(C), TaKKe COAEPIKUT OECKOHEYUHOE MHOXKECTBO Touek u3 4. Uraxk,

JIOKA3aHO, YTO TPOU3BOJILHASL OKPECTHOCTH U (C) COMEPIKHUT TOUKH U3 A.
CrnemoBaresbHO, ¢ — MpeaesbHas TOYKa MHOXKECTBa A.
B nomonaenne chopMyaupyeM u JOKaXKeM elile 0JHO BaKHOE CBOWCTBO

MMpCACIbHBIX TOYCK.
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Teopema 6.2. Eciiu a — npenenbHast Touka A, TO B JIF0OOH
IPOKOJIOTOM OKPECTHOCTU TOUKH &, COJACPKHUTCI OECKOHEUHOE

MHOECTBO TOYEK U3 A.
Jloka3aTeibecTBO. PacCMOTPUM NMPOU3BOJIbHYIO OKpeCTHOCTH U (a) U B Hell

Tagoke mponsBonbHyIo Us(a)c U (a). O6osnauaem 5, =5. B U, (a) cymecTsyer
TOYKa @, € A, IO ONIpeIeNICHHIO TpeiebHON ToUKH. [IycTh §,< min (61,‘a — al‘) :
B U, (a) cymecTtByer Touka @, € A. Touka a, He MOXKET COBHACTH C d, , T.K.
la, —a/ <5, <|a-a|. Janee monaraem J,< min(éiz,‘a2 - a\) .B U, (a) cymecTByer
TOuKa @, € A, Ipu4eM a, #a,, a, #a,, T.k. [3;—a <3, <|a, —a|<|a, —a| n ..

B urore nmonyyaeMm O€CKOHEYHOE MHOXKECTBO TOYEK U3 A, Bxoasamux B U (a),

YTO U YTBEPKIAIOCh.

Caeacreue. KoHEYHOE MHOKECTBO HE UMEET MPEAECITbHBIX TOUECK.
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bunem 7. Ilpuonusricennnvie evtuucienus

7.1. HorpemHocrb

PesynbTaThl H3MeEpeHHii U pacu€TOB peIKO OBIBAIOT COBEPIIEHHO TOYHBIMHU. Cama
MaTeMaTH4ecKas MOJIeJb, OMUCHIBAIOIIAS U3y4aeMOe SBJICHUE, B OTIPEICIEHHON CTETIEHN
uAeaTM3MpPOBaHa, OHA H300pakaeT MPOIIECC JIUIIb C HEKOTOPOH TOYHOCTHIO. [lapameTpsr
mpoliecca Tak ke, Kak MPaBuIIo, BEIYUCIICHBI JIUIIb TPUOIN3UTENFHO; B YACTHOCTH,
MCTOYHUKAMHU OITMOOK MOTYT OBITh OIIMOKK M3MEPUTENBHBIX MprOopoB. Hakower, camu
BBIUMCIICHUS COAEPIKAT OKPYIJIeH!s U T.1. [109TOMy 4acTo MpUXOIUTCS UCTIOIB30BATh B
BBIUMCIICHUSX HE CaMO JICWCTBUTENILHOE YHCIIO, a JIUIIb HEKOTOPOE €ro MpUOIMKEHHOE
3Ha4YeHUE.

OObIuHO MPHUOMMKEHHBIM 3HAYCHHEM & JEHCTBUTENHHOTO Yicia A Ha3bIBaeTCs YHCIIO,
HE3HAYUTENILHO OTIMYAIOIIeecs OT Yuciaa A M 3aMEeHSIoIIee 3TO Yucyio A B BeuucieHusX. Ho
IUISL TOTO, YTOOBI C/IEATh PE3YNbTAThl MPUOMMKEHHBIX BRIYUCICHUN HAaIEKHBIMHU, CIIEAYET
YTOYHUTH TOHSATHE MPUOIMKEHHOTO 3HAYEHUS M COOIOIATh MpaBuiia MPUOIKEHHBIX
BBIUMCIICHUM.

[To3TOMY 3TOT U CleyroNIue pa3esbl MepBoro naparpada OyayT MOCBSIIEHBI TPaBUIaAM
NpUOIMKEHHBIX BBIYMCICHHUN, 9aCTO MCIIOJIb3YEMbIM Ha TPAKTHKE.

Onpenenenue 7.1. [Tox ommOKo# WM MOTPEITHOCTEIO Ad TPUOTMKEHHOTO YKCia a

0OBIYHO TIOHUMAIOT Pa3HOCTH MEX/IY COOTBETCTBYIOIIUM TOYHBIM YHCIOM A H YHCIOM a, T.€.
Aa = A—a. [lorpemHocTh MOKET OBITh MOJIOKUTEIBHOM, TOT 1A MPUOIKEHNE HAa3bIBACTCS
NpUOIIMKEHUEM TI0 H30BITKY. Eciy morpenrHocTs oTpuIaTenbHas, To MpUOIKeHHe Ha3bIBACTCs

MPUOIHKEHUEM T10 HEeJIOCTATKy. Y J00HO paccMaTpUBaTh aOCOTIOTHYIO MOTPEITHOCTh A

npUOIMKEHHOTO YUCa &, PaBHYIO a0COTIOTHOM BETMUMHE MOTPEITHOCTH Ad, T.e. A = |Aa| .

Yacro ObIBaeT Tak, 4TO TOYHOE 3HAUCHHE YKicia A HaM HEU3BECTHO. B aToMm ciryuae
a0COTFOTHASI TIOTPEIITHOCTh HAM TAaK)Ke€ HEU3BECTHA, U CJIEYeT MOTBITATHCS HAUTH OIICHKY

CBEpXY JJIsl 3TON MOTPELTHOCTH, T.€. TAKOE YUCIIO A, , PO KOTOPOE U3BECTHO, YTO OHO HE
Menblie, yeM A. Torma nepaBeHCTBO A < A, 03HAYaET, 4TO |A— a| <A,, UM, YTO TO XKE CaMoe,
yro a—A, < A<a+A,. Takum oOpaszoM, ynucino a—A, OyIeT sBIATHCS MIPUONTMKEHUEM UL
yucia A I0 HeJOCTAaTKy, a Yhciao a+ A, Oyner sSBIAThCS MPUOIIKEHHEM JUld yucia A 1o
n30bITKy. HepaBenctBa a—A, < A<a+A, 4acTo KpaTko 3anuchBaioT Tak: A=at A, . Ouu

O3HAYalOT, YTO YMCIO A HAXOIWUTCS HA MHTEpBaJe JUIMHBI 2A, C IIEHTPOM B TOUKE a.
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Pazymeercs, eciiu A > A, TO U3 npubmmwkéHHOTO paBeHcTBa A=at A, ciexyer MeHee TOYHOe

npuOImKEHHOE paBeHCTBO A=at A,
Yucio A,, T.€. TOYHOCTb NPUOINKEHUS, BBIOMPAETCs], B OCHOBHOM, UCXOIS U3

noTpeOHOCTeH perraeMoi 3a1aun. ITO 03HAYAET, YTO OJJHO U TO )KE YUCIIO MOXKET OBIThH
MPHUOIMHKEHO C PA3TUYHON TOYHOCTRIO (TIpUMeEpBhI OYAYT AaHbI HIKe). Takum 00pa3om, 4acTo
BMECTO TOYHOTO 3HAYCHUS JICHCTBUTEIBHOTO Yrciia A MBI pacCMaTPUBAEM COBOKYITHOCTH €TO
Pa3IUYHBIX TPUOTMKEHHBIX 3HAYCHUH ¢ Pa3IMIHBIMU 33IaHHBIMU TOYHOCTSIMHU.

Onpenenenue 7.2. Emeé oqHa BaxxHast XapaKTepUCTHKA KadecTBa MPUOIMKESHUS —

OTHOCHTEIIbHAS TIOTPEITHOCTh O MPUOMIDKEHHOTO uncia a. [lo onpeaeneHnto, 3Ta BeIUIHHA
A-d
A

B tex clIydadax, Koraga TO4YHOC 3HAYCHHUEC YHCJia A Ham HEHU3BCCTHO, HCBO3MOXXHO AaTh H

paBHa O =

TOYHOE 3HA4YCHHE yuciia O . Toraa, Kak u BEIIIe, CIIEyeT MOJYIYUTh OILEHKY CBEPXY JUIS

OTHOCHTEIIbHOM MOTPEIIHOCTH, UCXO/IS U3 OIIEHKH CBEPXY JJIs1 a0COIOTHON OTPEIIHOCTH.

a

Hampumep, npu ycnosusix A>0,a>0,a> A, crnpaBeanuBa Takas OLEHKa: 0 <9, = PN
a —

a

7.2. JlecaTHUHAS 3aNIMCh NPUOJIHKEHHBIX YHCE

N3 xypca cpeaHei MKOoJIbI U3BECTHO, YTO BCSIKOE PALIMOHAIIBHOE YUCIIO MOKHO
MPEJCTaBUTh B BU/I€ KOHEYHOM HITU MTEPHOANYECKON OECKOHEYHOH NeCITUYHON APOOH.
OcTanbHbIe IeHCTBUTENBHBIE YnCia (T.€. UPPAIMOHATLHBIC YUCIIAa) H300paKaIOTCs
0eCKOHEYHBIMU HETIEPHOANYECKUMHU JIECATUIHBIMU APOOSMH.

OnHako Ha MPaKTUKE ACHCTBUS ¢ OECKOHEUHBIMHU APOOSMH MTPUXOTUTCS 3aMEHSTh
JEUCTBUSIMHU C KOHEUHBIMHU JIECITHYHBIMU JIPOOSIMHU, CITYKAITUMHU TPUOTKEHUSMHA TS

paccMaTpUBaeMBIX YHCEN, T.€. C YMCIaMH BHIa @ WM —a, TJe
a=a,A10" + am_llom'1 +..+a 10m ", a,#0wua,i=m-n+1..m - necaTnunsie TUQPHL.

) m-n+1

Onpenenenue 7.3. B 3ToM npeacTaBiIeHny Yucia 8 3HaYaIlluMH DU(paMy Ha3bIBAIOTCS

BCE OTJIMYHBIE OT HYJIS IU(PBI, BCE TE€ paBHbBIE HYIIO HUQPPHI, KOTOPHIE CONEPIKATCT MEXTY
OTIIMYHBIMHU OT HYJISl 3HAYAIIMMHU [TU(PpaMU, a TAKKE paBHBIC HYIO HU(PPbI, HEOOXOAUMBIE IS
0003HaueHHs AECATUYHBIX Pa3psIoB IEN0ro yucia. ['oBopAT, 4To N 3HaYanuX Mudp
NpUOIMKEHHOTO YHUCIIA SIBJISIFOTCS BEPHBIMH, €CITH a0COJIIOTHAS TIOTPEITHOCTh 3TOTO
npUOIMKEHHOTO YHUCIa 8 He MPEBBIIIAET IMOJIOBHHBI MHHIIBI pa3ps/ia, BeIpakaeMoro N -ou

3Hayael uudpoii, cuuTas cieBa Halpaso.
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Takum o6pa3om, ecnu Juisd NpUOIMKEHHOTO YUCTa &, 3aMEHSIOIIEr0 TOYHOE YuciIo A,

1

W3BECTHO, YTO BBIMOJIHSIETCSI HEPABEHCTBO |A— a| < ElOm‘n+1

, TO, TIO OTIPE/ICNICHHUIO, TIepBbIE N

3HAYaIUX MUQP ATOTO YUCIIA SBISIOTCS BEPHBIMH.
3nech OyayT yMECTHO ClIeAyIolIee 3aMevyanue. Bo MHOTHX ciiydasix BEpHbIE 3HAKU
MPUOIIMKAFOIIETO YMCIIAa COBIAAAIOT C COOTBETCTBYIOIIMMHU I (PpaMH TOUHOTO YHCIA,

Harnpumep, 11t ToyHoro uncna A= 411,23 npubmmkénnoe uncno a =411,20 umeer ueTsipe
1 .

BEPHBIX 3HAKa, TaK Kak |A—a|=0,03 < 50,1, IIPUYEM STH 3HAKH COBIAAIOT CO 3HAKAMH

TOYHOTO YHCIIa, HO JJIsl TOYHOTOo yucna A = 37,28 npubmmkénnoe uncno a = 37,30 umeer Tpu

1
BEPHBIX 3HAKa, TaK KaK |A— a| =0,02< 50,1 , @ COBIIQJIAIOT TOJILKO JABe upprl. B mpumepe

A=100, a=99,9, |A— a| =0,1< % y IPUOTMKEHHOTO YKCIIa UMEETCS JIBA BEPHBIX 3HAKA, HU

OJIMH U3 KOTOPBIX HE COBIALAET CO 3HAKAMHU MCXOJHOIO YHCIIA.
PaccmoTpuM Takoi mHTEpecHbI ipuMep. [lepBbIM puOIMKEHNEM, U3BECTHBIM eIIé

Apxumeny B 1l Bexe 10 H.3. Ans yncna 7, paBHOTO OTHOLIEHUIO JUIMHBI OKPYXHOCTH K €€

JMAMETPY, CIYKHUT YHUCIIO % =3,142857.... 3nas paznoxenue uucna w = 3,1415926...,

22 _
MoJIy4aeMm, 4To |7 — 7 <0,0013<0,5x1072, yTo 03HAUAET, 110 OTIPEJICIICHUIO, UTO TPH

3Ha4Yammx III/I(i)pBI 9TOTO HpI/I6JII/DKéHHOFO 3HAYCHUA YUCJia 77 SABJIAOTCA BEPHBIMH.

Anpuan Menwid, roinanackuii reomerp XVI Beka, IpeanoxKu A TpUOIKEeHUs 7T
355 . N
YHCII0 13 3TO YHCJIO JIETKO 3alIOMHUTH IO MPABHITY: HAMKCAB IO JiBa pa3a HEYETHBIE IU(PHI

1,1,3,3,5,5, cineayeT mocineHue TPH B3ATh UG pPaMU YUCIIUTEINSI, a TIEPBBIE TP - 3HAMCHATEJIS.

Tak kax % =3,1415929..., a, kak oT™Me4aaoch Beime, 7 = 3,1415926..., To

355 7 N 355
- 113 <5:10"" u nmpubnmxEHHOE 3HAYCHHE 13 JUISl YACIIA 7T UMEET 7/ BEPHBIX 3HAKOB.

BakHbIM HarpaBiieHHEM pa3BUTHSI COBPEMEHHON BHIYMCIMTEIBHON MaTEMaTHKH SIBIISIOTCS pa3padoTKa 1
peanu3anus aropuTMOB, JAIOIMIUX OTPOMHBIE KOJIUYECTBA BEPHBIX 3HAKOB B AECATUYHOM Pa3JIOKEHUU yucna 77 . B
12
2002 roxy ux 6610 u3BectHO yike 1,24 x 107 | Pasymeercs, Takue BBIUMCIIEHHS He ABJSIOTCSA CAMOLENBIO MU

I[eMOHCTpaHPIeﬁ BBIYMCIIMTEIHHEIX BO3MOKHOCTEH COBPEMECHHBIX KOMITBIOTCPOB. 3HaH1e TaKoro OONBIIOro

KOJIMYECTBA JCCIATHUYHBIX 3HAKOB YHCJIa 7T MPEAOCTABIISCT, OFpOMHBIﬁ BI)I60p HCGBI[OCJ'Iy‘IafIHBIX 4Yuncei, IIMpoKo
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MIPUMEHSIEMBIX TIPH BEPOSTHOCTHBIX pacuérax u jp. (MHTepecHo, 4To cpeny epBoro MULUTMOHA Iudp Bce

JiecsITHYHbIE U(PBI BCTpEYaoTCss IPUMEPHO C OMHAKOBOM 4acTOTOH).

7.3. IIpaBujia oKpyIjaeHus Yucea

OxpyriaeHre TOYHOTO WM MPUOIMKEHHOTO YHCIIa COCTOUT B 3aMEHE €T0 YHCIIOM C
MEHBIIIUM KOJIUYECTBOM 3Havamux mudp. JeiicTBUTensHO, TOYHOCTD TPUOIINKEHUS
OTIpeNieNIeTCsl He BCEMH 3HAYaUMK HU(PaMH, a TOJIBKO BEPHBIMH.

OOBIYHO UCTIOJIB3YIOT TAKOE MPAKTUYECKOE MPABUIIO: TIPH BHITIOJHEHUH MPHOIMKEHHBIX
BBIUMCIICHUH YUCIIO 3HAYAIUX (P TPOMEKYTOUHBIX PE3YIBTATOB YUCIIO HE JOJDKHO
MIPEBOCXOIUTH YMCIIa BEPHBIX U (pp Oojiee yem Ha J1BE €ANHUIIBL.

UTOoOBI OKPYTIUTE YHCIIO IO N 3HAYAIIHMX IUGP BCe ero MUQPHI, pacroIoKEHHBIC ITpaBee
N-oii 3Hauamen u@psl TMO0 0TOPACHIBAIOT, IMOO 3aMEHSAIOT HYJISIMU B CITydae, KOT/Aa 3TO
HE00X0AMMO IS COXpaHEHHS pa3psAIoB Iesoro yncia. Kpome Toro, ecnu nepsas u3
OTOpOIIEHHBIX (P MEHBIIIE 5, TO MPEABIIYIIHE Pa3psasl He MeHstoTcs. Eciu nepBast u3
oTOpomIeHHBIX (P OOIBINE TATH, TO K TIOCTEIHEH ocTaBIIeics mudpe mpudaBIsIIOT SIUHUILY.
Ecnu nepBast u3 oTOpoIeHHBIX IU(p paBHA MATH, TPUUYEM CPEIU OCTATBHBIX OTOPOIIEHHBIX
udp eCTh He paBHBIE HYIIIO, TO K MOCTEIHEH ocTaBIIeics udpe MpudaBIAIOT equHuIy. Ecimu
nepBasi U3 OTOPOIICHHBIX ITU(P paBHA MATH, MPUIEM BCE OCTAILHBIC OTOPOIIIEHHBIC ITU(PHI
paBHBI HYIIIO, TO K MOCIEIHEH ocTaBIIeics udpe 100aBIAIOT IMHMILY, €CIIM OHA HEeUETHAS U
HE MEHAIOT e€, eciiu oHa uéTHas. [IpuBeaém npumepsl OKpYTIeHHS 0 TPEX 3HaYaIuX UQp:
123456789=123000000, 34,567=34,6, 12,2500=12,2 35000=12,4

MoKHO JJOKa3aTh CIEAYIOIIEe YTBEPKICHHE:

Teopema 7.1. Ecnu nonoxurenbHoe NPUOIMKEHHOE YUCIIO

a=a,10"+a, ,10"" +...+a, ,,10"" a =0 UMEET n BEPHBIX AECATUYHBIX

3HAKOB, TO OTHOCHUTECJIbHAS IIOI'PCIIHOCTL 6 OTOI'0 YHCJIa HE

IIPEBOCXOAUT BEIUYUHBI § < i(0,1)”*1.
a

m

1, 0
Hokazaresnbcrso. [o onpenenenno, A, =|A—a| < 510m " 3naunr,

A>a-l10mm > a, 10" BESTUSERETY 2a, - 171 > l1om(2am -1)> 1amlom u
2 2 2 10" 2 2

l m-n+1
A, 10 1

§=—2<<£ - (0,)"", uro u TpeGOBANOCH JIOKA3ATE.
A1 m 4
P a,10 m

m
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C IMOMOIIBIO 3TOTO YTBCPKACHUSA MOKHO pClIaTh, HAIPUMEP, TAKHUEC 3ada4H.

3apaua. OUEHUTh OTHOCUTENIBHYIO MOTPEIIHOCTh 3aMEHBI Yiciia 77 ynuciom 3,14 .

1.,
Pemenue. a, =3,n =3, no3tomy 6 < § 1072 . (Ha caMoM jiene B 3TOM IpUMepe MOXHO JIaTh U

0,0016

0oJiee TOYHYIO OIIEHKY, TaK KaK MbI 3HAeM, YTO |7r —3,14| <0,0016 u <0,00051).

3agaya. CKOIBKO JIECITUYHBIX 3HAKOB UUCIA /22 CIEIyeT B3STh, YTOOBI

OTHOCHTENbHAS MOTPEITHOCTh BhIuKcieHus He npesbimana 0,001.

Pemenne. IlepBas nudpa 3roro uncia, oueBuIHO, paBHa 4. J[s1 TOr0, 4T00BI

1,
BBIIOJIHSIACH OLIEHKA O = ZlO "1 <0,001, ocTaTo4YHO B3STH N=4.

7.4. TlorpemHocTH apudmeTnyecKkux AeiicTBUM

Teopema 7.2. AGCOIIOTHAS MOTPEITHOCTH ANTreOpanyecKon CyMMBbI

HECKOJIbKHNX HpI/I6HI/I)KéHHBIX YUCCII HC ITPCBbIIIACT CYMMBI aOCOJIFOTHBIX

MOTPEIIHOCTEN CIAraeMblIX.

Joka3zarenabcerBo. [Tycts A, ..., A - TOYHBIE 3HAUEHUS, ..., 8, - IPUOIMIKAIONINE UX

, TIO CBOUCTBY 2 aOCOJIFOTHOM

wncna. Torma |(A +..+ A)—(a +..+a)|<|A —a|+...+|A —a

BEJIMYUHBI, YTO ¥ TPeOOBAJIOCH JOKA3aTh.

DTO yTBEPXKJIEHUE O3HAUAET, UTO A a SA, +..+A, . Hosromy OOBIYHO TIPABYIO

ay .t
9YacTh 3TOTO HEPABEHCTBA M MIPUHUMAIOT 32 OIICHKY a0COIOTHOM MOTPENTHOCTH CYMMBI. Takum
00pa3oM, abCOTIOTHAS IOTPEIIHOCTh CYMMBI OKa3bIBAETCS] HE MEHBIIIE, YeM HAauOOJIbIIas U3
aOCOJTIOTHBIX MOTPENTHOCTeH cinaraeMbiX. Clie0BaTeNIbHO, HE MIMEET CMBICIIA COXPAHSTH
M3JUIIHUE 3HAKU U B 00JIe€ TOUHBIX CIaraeMbIX.

Wtak, npu ci10KeHUH TPUOTIKEHHBIX YHCET UCIIOIB3YETCs TaKOe MPOCTOE MpaBuiio. Bo-
NIEPBBIX, CIEAYET HAUTU YKCIIA, IECATUYHAS 3alllCh KOTOPBHIX COJIEPKUT HAaUMEHbIIEe
KOJIMYECTBO 3HAKOB MocJe 3ansaToi. OcTanpHble Yiclia OKPYTJIUTh TakK JKe, KaK HalJIeHHbIE
BBIIIIE, B3SIB €ILE OJIMH JIMITHUM 3HaK. [Ipou3BecTH ciaokeHue MoIydeHHbIX OKPYIJIEHHBIX YHCET
U OKPYIJIUTh pe3yJbTarT.

Cnoxum, s npumepa, uncia 2,173+0,0005, 0,11+ 0,005, 43,1244 +0,00005. fcHo,
YTO TOYHOCTH BBIYMCIIEHUS OIPENEISETCS BTOPBIM ciiaraeMbIM. [103TOMy, B COOTBETCTBUM C
BBIIIMCAHHBIM BBIIIE IIPAaBUIJIOM, COXPAHUM IIEPBOE U BTOPOE YUCIIA U OKPYTIIUM TPETHE

cienyromuMm obpaszom: 43,124 +0,0005 . Torma mepBoe u TPEThe claraeMbie TaayT B CyMMe
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45,297 +0,001. [ToGaBnenue Broporo ciaraemoro npuBeaét k 45,41+ 0,0051. U3 storo
CIIeyeT, YTO BEPHBIMU I (PpaMH CyMMBI OYIyT TEpBbIE TPH €€ IUQPHL

Teopema 7.3. OTHOCUTENBbHAS MOTPEITHOCTH CYMMBI CIaraeMbIX

OJIHOTO M TOTO K€ 3HAKa HE MPEBBIIACT HAUOOJbIIIEH OTHOCUTEIHHON

IIOrPELIHOCTH.
Jloka3zartesbceTBo. [IycTh, Kak U BbIIIE, TOYHBIE YNCTIA PaBHBI A, ..., A , TpHOIMKEHHBIE

YHCJIa PaBHHI &,,...,8, , a0COJIIOTHBIE MOTPEITHOCTH OLEHEHBI YuCIaMu A ..., A, ,

OTHOCHUTEJbHBIE IOTPELTHOCTH PaBHbI O, ,...,0, U HaubobIIas U3 HUX ecTh O . Tornaa

OTHOCHUTCIIbHAA MOTPCIIHOCTE CYMMBbI HE IPCBOCXOAUT YUCIIa

Ay tot By S |Al+..+ 6 | Al -3

S < <9.

A+ A A A

[Tepeiiném Kk MOrpeIHOCTH MMPOU3BEAECHUS.

Teopema 7.4. OTHOCUTENBbHAS HOTPEITHOCTH IPOU3BEICHUS

HECKOJIBKHX ITOJIOXKHNTCIIbHBIX HpI/I6HI/I)KéHHBIX YUCCJI HC MMPCBLINIACT
CYMMbI UX OTHOCHTCIIbHBIX HOI’pGH.IHOCTGﬁ.

JlokazartesbeTBo. IlycTh, B IpeskHUX 0003HaYeHUAX & = @,...a, . Torzaa

Ina=Ina +...4+Ina, . MBI ceifuac BocmoyIb3yeMcst IPABUIIOM, KOTOPOE OY/IET JOKa3aHO MO3XKeE.

CoryiacHo 3TOMy MpaBuiTy, /IS orpentHocTell Alna, BemosHsercs paBenctso: Alna, = —*.
a

A

.. A
U3 5TOro paBeHCTBa BBITEKAET TAKKeE IPUOIIKEHHOE PABEHCTBO: —* = —> 4+ . +—% oTKy/a,
a & a,
a Aak
B CBOIO 04epefhb, |—& < |[—|+...+|—%|, uTo u TpeOGOBANOCH JOKA3aTh.
& a

Ipumep. Haitném npoussenenue npudmnkéaabix yucen 11,3+ 0,05, 28,46+0,005.

OneHko# cBepXy /s OTHOCUTENIBHOMN MOTPEIIHOCTH CIIYKUT YHUCIIO

0,05 0,005
0= +
11,25 28,455

<0,0044 +0,000176 < 0,0045. [TpousseaeHne MPUOTHUIUTEIHHO PABHO

323,08 u abGcomroTHast HOrpemHoCTh He mpeBocxoauT 1,45. [TosToMy mponsBeieHre UMEET /1Ba

BEPHBIX 3HAKA U €ro CIIEAYeT 3amucaTh Tak: 323+ 2 .
[Toe3HO PyKOBOACTBOBATHCS TaKUM MPaBIIIOM. [1ycTh MBI HIlleM TIPOU3BEICHUE

HECKOJBbKHX HpI/I6JII/DKéHHI)IX COMHOKHTEICH. Torz[a, BO-TICPBBIX, OKPYI'JIUM BCEC COMHOKUTCIIN,
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KpOMe HauMeHee TOYHOTO, TaK, YToObI OHM UMENIM Ha OJIHY 3Haualnyro nudpy oonbiie, yem
YHCII0 BEPHBIX (P B 3TOM HAaUMEHEEe TOYHOM U3 COMHOXKHUTeNeH. B pe3ynbraTe yMHOKEHUS
COXPAHHUTh CTOJBKO 3HAYAITUX IU(P, CKOJIBKO BEPHBIX (P B HAUMEHEE TOUHOM H3
COMHOXUTEIIEH.

Kax omnpenenuts 4rciio BepHbIX 3HaKOB mpou3sBeneHusi? Pacemorpum K <10

COMHOXHUTENEH a,,..., 8, , KOKIBII U3 KOTOPBIX MycTh uMeeT N >1 BepHsbix mudp. Ilycts a,,..., a,

1
- uX nepsble 3Ha4amue Hudpsl. Toraa, kak 10Ka3aHO BbIlIE, O, < 2—(0,1)”‘1 , 1 TIO
a

111 1 _
MPEIBIIYIIEMY YTBEPKICHUIO, O < 2 — 4 — (0,1)” v IMTockombKy, 1Mo yciaoBuio, K <10 u

1 k
1 _
Bce @, >1. Iloaromy O < E(O,l)n ? . CIleZIoBATENIBHO, YHCIIO BEPHBIX 3HAKOB MOKET

YMGHI)IHI/ITI)CSI HC 60.]166, YgycM Ha 2 ECJII/I COMHOXHUTCIIN UMCIOT pasHoe KOJNYECTBO BepHBIX
III/I(bp, TO IO YUCJIOM n> 1 cnez[yeT IIOHUMATh HAMMCHBIICC U3 YHUCCII BepHBIX 3HAKOB
COMHOXUTENEH.

Bormpoc 0 norpemHocTy 4acTHOTO pelaeTcsi IPUMEPHO TakK e, KaK U B cliydae

A A A A A A
npoussesenus. VIMeHHo, ecin a=3 10 lna= Ina, —lna,, —2&=—2-—2 |2/ 24| %

a2 a a1 a‘Z 1 a a1 a‘Z

H, CJICA0BATCIIbHO, OTHOCUTECJIbHAA IMOTPECITHOCTD YaCTHOT'O HE MPEBOCXOAUT CYMMBI

OTHOCHUTCIIBHBIX HOFpGIHHOCTGfI JACIIUMOI'0O U JCIIHUTCIIA.

Ecnu nenmoe u nenutens umMeroT N >1 BepHbIX udp u ecau a@,,a, - UX IEepBbIe

11 1 -1
3Hauamwue nudpsl, TO, KaKk U BIIE, 0 < —| — +— (0,1) . ITosTomy ecnu 06a uncna a,,a, He
1 a‘Z
MEHBIIIE 2, TO YaCTHOE UMEET He MEHbIIe, ueM N —1 BepHbIil 3HaK. Eciu XoTst ObI 0/THO U3 YHCeT

a,,a, paBHO | , TO YacTHOE UMEET HE MEHee N — 2 BEpHBIX 3HAKOB.

HaKOHGII, O6paTI/IMC$I K onepanusM BO3BCACHHUS B HATYPaJIbHYIO CTCIICHL M M

M3BJICUYCHUS KOPHS cTerieHn M. B mepBoMm ciydae 3a7a4a pemiaeTcs Tak:
Ina™ =mina, (a>0), 5am <md,, T.e. OIIEHKA OTHOCUTEJILHOM MOTPEIIHOCTH M -0 CTeNeHn

guciaa B M pa3 6OJII)HI€, YeM OLICHKA OTHOCHUTEIHbHOM MOrpCIIrHOCTU CaMOT0 YucCia.

1
=1 1 o
Jins xopust mveem: Ina™ = —Ina, (@>0) 5, <&, oueHKa OTHOCHTENBHOI
m —  m

m
IOTPEITHOCTH KOpHSI M -OM CTENEHH U3 MOJOKUTESILHOTO YHCIa B M pa3 MCHBIIC, YCM OLICHKA

OTHOCHUTEIBLHOMU MOrpCIrHOCTU CaMOT0 YuCia.
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W3110)KEHHBIM BBIIIE MBI TOJIBKO HauaJId U3y4eHHUEe IPUOIMKEHHBIX BeIYHCIeHn. Ham
emIé MpeJICTOUT UCCIEeIOBATh 3a1auy MPUOIMKEHHOTO BEIYHCIICHUS 3HAYCHUN (DYHKITI 00111ero
Buja. Ho juist aToro cHavana npuaeércs U3y9uTh OCHOBHBIC TIOHATHS JU(GEpeHIINaTHLHOTO

UCYHCIICHUS U JTI0Ka3ath hopmyisl Teiinopa.
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bunem 8. Ilpeden nocreooeamenvnocmu. beckoneuno maiole
nociaeooseametbHocmu. Apudpmemuueckue ceoiicmea npeoea.

Onpeaenenune 8.1. Ecau kaxcoomy ne N conocmaeneno uucio a, € R,
Mo 2080psim, WMo 3a0aHa NOC1ed08amerbHocms {a, § ne N

HekoTtopskie mocienoBateibHOCTH 00J1aJal0T OYEHb BaXKHBIM CBOMCTBOM —

OHM UMEIOT Mpee.

Onpenenenne 8.2. ITocnieooeamenvrocmo {a, } umeem npeoein, pasnwviii

yucny A moeoa u moavko moeoa, kozoa 0 avboeo € >0 cywecmeyem yucno

N(&)>0marxoe, umo ons 6cex Ne N, yoosremsopsiiowux nepaseHcmesy

a,-A<e.

YIIO6HO 3aIUCBIBATL 3TO OMPCACICHUC C MTOMOIIBIO JIOTUUCCKUX CHUMBOJIOB!

Ve>03IN(e)>0Vn>N(¢) an—A‘<g.

I[JISI 0003HaYCHHUS npeacia nmocjacaoBaTCJIbHOCTU UCITIOJIb3YCTCA CUMBOJIL:

n> N(¢), evinonnusemes nepagencmao

IIpumep 1. Ecnim a, = A 1 Bcex N, T0 )!I_r)go a, =A
JokazaTeabcTBo. [l ar060ro & >0 u modoro N(g), u aoboro n

a,-A=|A-A=0<¢.

1 :
Ipumep 2. Ecniu a, =—, 1o lima, =0
n X—>00

1
Joxa3zateabcTBo. [Iycth £ >0. Bo3smem N(g)=—. Torma ecu n> N(¢),
g

1
TO N>—U —< &, IO3TOMY ‘an —0‘:
& N

E—0‘=£<g.
n n

Teopema 8.1. Ecniu npeden nociedosamenvhocmu {a, }

cyuiecmeyent, mo OH eOUHCMEEHEH, m.e. ec/lu lima, =A u

ecau lim a, = A, , mo A=A
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JHoxazareabcTBo. [Ipeanonoxnum, 4To mMocie0BaATENLHOCTh UMEET

IIPENENIOM YHUCI0 A, a TAaKXKe UMEET IpelenaoM uucio A,, A # A,. Torga:

Ve>03 Ny(e)>0Vn>N,(e) [a,-Al<e

A - A
2

Ilonaras B 3TOM yCIOBUHU & = , Momy4aem, 4ro npu n > N;

‘\Az A

. AHAJIOTUYHO, IOCKOJIBKY A, - TOKE MPEAeI, I0Jy4aeM, YTO

Ar = Al
S

npu n>N2‘an—A2‘<‘

ITycte N =max(N;,N,). Torza npu n > N BemonsstoTesa ycnosus N> N; u
n> N, , mosromy
Ay — Al =|Ay —a, +a, - Al <|Ay —ay|+]a, — A =an — Ay +]a, — A<

\Az A \Az Al
2

[TomyueHHOE IPOTUBOPEUHUE 10KA3BIBAET TEOPEMY.

=|Ay — A

Onpenenenne 8.3. IocienoBaTenbHOCTD {a, ; n e N Ha3bIBAETCS

OeckoHedHo Maiol, ecim limo, =0.
N—o0

Teopema 8.2. Ilpeden nocnedosamenvnocmu {o,} neN

cywiecmeyem u pagen A moz20a u moavko mozoa, Ko20a a_ MOMCHO
npeocmaeums 6 uoe a_=A+a._, 20e o, - 0eCKOHEUHO Malas
noc1e008amenibHOCHb.

P lima, =A< Ve>03N:vn>N: |a, - Al<&, 0603HaYUM o, = A—a,, TOTza

n—oo

noiy4aeM Ve >03N:vn>N |o,|<é, T.e. a,- 6eckoHeuno manas 4

Teopema 8.3.

1. Ecau {o, lu {p,}- beckoHeuno maavle nOC1e006amebHOCMU, MO
anzebpauueckan cymma - {o, }+{p, imoixce dbeckoneuno manas

nocne&oeameﬂbnocmb;
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2. Ecnu {a, }- 6eckoneuno manas nociedoeamenbHocms, a {y, } -
02paHu4eHHan nocneooseamenbHocmsy (m.e. ic. vnly,|<c ), moia, y,}

- 0ecKoOHeuHo manasn nocnedoeameﬂbnocmb;

3. Ecnu {a, lu {p,}- 6eckoneuno manvie nocieo006amenbHOCmMu, Ho

npouszeeoenue {a,-p,}- 0eCKOHEeUHO Manas nocied06ameibHOCHLb.

P 3adurcupyem m06oe ¢ >0. Jlst uncna & cymectsyior N, u N TaKue,
Py > ym Y 1 2

g g
9TO JUIS BCEX N> N, HMeeM |q,| <7 M AN Beex n> N, nmeem |B,| <5 Torna

ans Beex n> N =max(N,,N, ) umeeM |a, £ B,|<|a,|+|B,| <§+§= ¢ . IlepBoe
YTBEPIKICHUE JJOKA3aHO.

o & &
Ilepetinem ko BTopomy: Jlns uncna = cymecTByeT N Takoe, uTo o, | <=
c c

&€
npu n>N . Torna u |a,y,|<=-c=&. Bropoe yrBepkaeHne 10ka3aHo.
c
J7ist oKa3aTeNbCTBA TPETHETO YTBEPIKICHUS YCTAHOBUM JIEMMY':
Ecmu {B,}- 6eckoHeuHO Maasi, To OHa OrpaHUYCHHAs (HO, pa3yMeeTcs, He

HaoOopot!) [lns nokazarenbcTBa BeibepeM ¢ =1. [lo onpenenenuo
OECKOHEYHO MaJjoi, cymecTByeT N Takoe, yTo mpu n >N HMeeM Ipu

|B,|] <1. MoxHO cuntaTh, uto N € R HaTypasnpHOE uncio. Toraa
|BN,|<L,|BN,| <1, .... Torna BeioepeM C=max(|B||B,] ....|By|.1). T.e. nusa
Bcex n |B,|<C. Tperbe yTBEpXKACHHE TENEPh CIETYET U3 JIEMMBI H BTOPOTO
ytBepxkaens. 4

Teopema 8.3. (ApudmeTnyeckue cBoiicTBA Npejesia)

Ecnu |ima =A, molimb =B, mo lima +b =A+B , aeciu B=0,
n—owo " n—oo " noo "o " .

. a, A
mou lim —==—,
n—)oobn B
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a =A+a,b =B+, rae «a,,B, - 06CKOHEUHO MaJble MOCIIEI0BATEILHOCTH.
Torpma
a, tb, =(A+a, )t (B+f,)=(A+B)+(a, £ B,),a HOCIEIOBATENBHOCTH &, =h, -
OeCcKOHEUHO Majble 1o TeopeMe 8.3, yacThb 1;
a,-b, =(A+a,)-(B+S,)=AB+Ba, + AB, +a,f3,, mpuueM Ba,,AB,,a,, - OECKOHEUHO
MaJible o TeopemMe 8.3, yacTu 2 1 3, a X CyMMa — TOKe OECKOHEUHO MaJjas 1o

teopeme 8.3, yacthb 1.

[lepexoas k mpezaey 4aCTHOTO, JOKaXEM CHavaJla J€MMBI:

B
Jlemma 1. Ecim B0, To cymectByer N Takoe, uto npu n>N |b,| >%.

B
» Bo3bmeM & =%; 0 OIpPEAENICHUIO MpeJena cyuecTByer N Takoe, 4To Mpu

n>N |bn—B|<@,T.e. B—@<bn<8+@.Ean B >0, TO MepBOE U3 ITHUX

B
HEPABEHCTB, T.€. b > B—g maer b, >g, T.€. |b,|> B ,aecou B<0, To

2

B B
HEPABEHCTBO b, < B +g O3HA4aeT, 4To b, < > HO T.K. B <0, U3 HETO CHOBa

nonydaem |b,|>

5‘4

2
.11

Jlemma 2. Eciu B=0, 1O lim—=—.

» b, =B+3,
1 1 1 1 B-B-B -8

b, B B+p, B B-(B+b) B-b,

n

1 2 .1
@_|B|2’ " B-b,
2

ITo memme 1, ipu n> N, |bn|>@, noaToMyaBlb |<

B

OrpaHUYEHHAs N10CJIEN0BATENBHOCTD. [l0aTOMY % - OECKOHEUHO MaJast

n

IIOCJIEI0BATENBHOCTD, U JIEMMA 2 CIEAYET U3 TEOpeMBI 8. 1.



Hakoger, Teopema o mpejiesie 4aCTHOTO CISIYeT U3 TEOPEMBI O Mpejieie

MpOU3BEACHUS U JIeMMbI 2. 4
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bunem 9. Ilpedenvnwiit nepexoo ¢ nepasencmeax. Ilpeoen

MOHOMOHHOU 02PAHUUCHHOU NOC1E0068AMEIbHOCHLU.

Teopema 9.1. Ecau a, >0 u cywgecmgyem lima, = A, mo A>0.

A
» MeTtoz OT NpOTUBHOIO; MycTh A<O0, BBIOEpEM & :%. Torna
A Al _A
AN:vn>N |a, - A <5, Te. 8 < A+7 =< 0 - MpOTHBOpEYHE C ycaoBrueM 4

Teopema 9.2. Ecau lima, = A, limb, =B u 014 écex neévinoinaemcs HepageHcmeo

n—oo n—oo

a,<b,, mo A<B.

» Paccmorpum ¢, =b,—a,, ¢, >0 o Teopeme o MpeJiese Pa3sHOCTH, CYIIIECTBYET

limc, =B — A, 3TOT Opeaesl HEOTPULIATEIICH IO MPEABIAYIIEN TEOPEME, T.E.

n—oo

B-A>0.

JaMeuanue:

1. Teopembl 03HAYAIOT, YTO MPEETbHBIN MEPEX0]l COXPAHSIET HECTPOTOe

HEPABEHCTBO.

1
2. OnHaKo, CTPOroe HEPaBEHCTBO, HaNpuUMep 0 < —7 TIPH NpeeNbHOM nepexosie

IIPU N — 0 NEPEXOAUT B HECTpOroe , 0< 0. IT0 03HAYAET, YTO €CIU a, <b, u

lima, = A, limb =B, T0 A<B(aHe A<B!).

n—oo n—oo

Teopema 9.3. (0 «32:KaTOM» MOCJTET0BATEIHLHOCTH).

Ecnu ona ecex n umeem mecmo nepagencmeo a, <b, <c, u, Kpome mozo,

cyujecmeyem u pagnuvt opyz opyzy npedenwt lima, =limc, = A, mo cywecmeyem

n—oo

npeden limb,, u oH mooice pagen A.
n—oo
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» Jlemma. Eciu 0n1a écex n evitnonnawomcs nepagencmea 0<o < u limp =0,
n—oo

mo lima, =0.

n—oo

» Jlano:
Ve>03INVn>N |B,|<e, T.e. B, <&, T.K. B,>0.Ilo ycnoBuio, 0<a, < f, <&, TAKHM

oOpaszom, Ve >03IN Vn>N0< ¢, <&, YTO U O3HAYAET, 4TO lima, =0. <4

n—oo

IlepeiineM K HOKa3aTEIbCTBY TEOPEMBI.

O6o03HauuM «, =h, —a,, B, =¢, —a,, TOTJAa U3 yCIOBUS TEOPEMBI CJIEIYET, YTO, BO-

nepBuIX, 0< ¢, < B, U, BO-BTOPHIX, YTO ,Ifl B, = M‘l c,—lima, = A- A=0. IIpumenss

n—oo

neMMy, oaydaem, 4to lime, =lim(b, —a,)=0. Tak kax lima, = A, o Teopeme 0
n—oo

n—oo n—oo

npeznene cyMmbl moimydaem: limb, = lim((b, —an]+anj =0+A=A.<

n—oo n—oo

Omnpenenenne 9.1. ITocredosamenvrocms {a_}ne N uasvisaemes
HeyOvleatowell, ecau OJis 6cex N 6blnoHAemcs Hepasencmeo a, <a .. Ona
HA3bI6ACMCS 603DACMAIOWEl, eClu 6bINOIHACMC A Hepasencmeoa, < a, .
Iocnedosamenvrocms {8, s ne N nasvisaemcs nesospacmaroweii , eciu Ons 6cex
n evinonnsemcs Hepasencmeo a, = a_ . Ona naszvieaemcs yovlearouei, eciu
gvinonHsAemcs Hepagencmeo a, > a, . Obujee Hazeanue 6cex maxKux
nocnedosamenvHocmel — MOHOMOHHbIE NOCIE006AMENbHOCTIU.

Teopema 9.4. (K. BeliepuiTpace)

1.  Ecnu nocnedosamenpHocmup {an}, neN He yovleaem u
oZpaHuueHa ceepxy, mo cyuwiecmeyem rllm a, .
2. Ecnu nocneoosamenvnocmu {an}, neN He eéo3pacmaem u
0ZPAHUY€eHa CHU3y, mo cyuiecmeyem rllm a, .

Joka3zareabcTBO. [IpoBenem qoka3arenbCTBO NIEPBOro ciryyas. Bropoiu

Clly4ail coBeplIEeHHO aHajoruyeH. [1o yciaoBuio, MHOXKECTBO 3HAUEHUM, KOTOPbIE
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MIPUHUMAET MOCIEI0BATEILHOCTh {an }, orpanuueHo ceepxy. [lo Teopeme 5.1

CYLIECTBYET €0 TO4Hasl BepxHsis rpanb A. Jlokaxkem, uto 4 = lim a_ . Jlis atoro
N—oo

BO3bMeM pou3sBosibHOE € > 0. [1o onpeneneHuio A, 11000e MEHbIIIEE YUCIIO, B
YaCTHOCTH YHCJIO A — €, YK€ He SBIISICTCS BEpXHEH IpaHbl0 MHOXKECTBA 3HAYCHHUH,

TIPUHAMAEMBIX TIOCTIEI0BATENBHOCTHIO {@, . 3HAUMT, IPH HEKOTOPOM
NeNa,>A-¢ ,mm A-ay <¢.Kpome toro, A—a, >0, T.x. 4 — BepxHsis
I'paHb MHOXECTBA 3HAYECHUN {an }

Hrak, 0< A—a,<e.Hoompu n>N a >a,,nosromy 0<A—-a  <g,
‘an — A‘ < ¢. Takum obpazom, 1is iodoro € cymectByeT N Takoe, 4To JIs Bcex

N> N BBINONHSAETCS HEPABEHCTBO ‘an — A‘ <¢. [loatomy rllﬂ;n a, = A(=supfa ).
«© neN
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Bunem 10. Hucno €.

Teopema 10.1. Cyugecmeyem npeden nociedooeamenbHocmu

Jloka3zaTejbcTBO. CHayanma JoKaXeM JeMMY

Jlemma 10.1. (HepaBeHcTBO BepHyiin).

Ecaum a>-1, 10 (l+a) >1+an.

Jloka3zaTeabCcTBO. Vcrions3yeM MeTOoL MaTeMaTUYEeCKOM HHAYKIMU. [Ipu
#=lpmeem: (+a) =1+1xa, 1+a=1+a . [Ipeanonoxum, uTo npu n =k
HEpaBeHCTBO BepHO: (L+a ) >1+ke . Torma npu N =K + lumeem:

A+a)* =0+a)i+a) >0+a)l+ak)=1+(k+1)a +ka® > 1+ (k + 1) . HepaBeHcTBO

JIOKAa3aHo.

)T () Ve ey e

n n

B B n2-1) n+1

1 n
1+ noan+ 2n 2 \"
You n-1 n-1 n -n n n ( n ] n

. 1"
YroObl 10Ka3aTh CYIIECTBOBAHUE IIpeiesia I|m(1+ —] , pPaCCMOTpPUM
n—oo n

1
1\ .
IIOCJIICI0BATCIIBHOCTD yn = (1+ —) . I[JISI YJICHOB 3TOMH ITOCJIICI0BATCIBbHOCTHU
n

MIPUMEHUM HEPABEHCTBO bepHyiuin, 0003HaUMB a = , IPX 3TOM OYEBUJIHO,

n2

n- -1 n+1 n“-1) n+1 n n+1 n) n+1
Yo

n

Taxum obpazom, >1. Tak kak y, >0, TO y,, >V, , IOOTOMY

paccMmaTpuBaeMasi II0CI€10BaTEIBHOCTh YOBIBAET U OIPaHUYEHA CHU3Y. 3JHAUMT,

n—o n

n+l
cymecTByer npeaedn limy, =lim (1+ i) . Tak xax Iim(1+1j =1, T0M1
n—oo n—oo n
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n—oo n n—o n n—o n n—oo n

) 1 -1 ) 1 n ) 1 n+l ) 1 -1
lim|1+=| =1.CnengoBarenpHo, 3lim{1+=| =lim{1+= lim{1+=| . Takum

oOpazom, e = Iim(1+ l} :

n—oo n

1
Teopema 10.2. Hmeem mecmo pasencmeo e=lim(L+x) .
X—>

JoxaszarenbcrBo. ( HA DK3AMEHE HEOBASATEJIBHO ET'O 3HATD.
MPUBEJIEHO JJI1 HHTEPECYIOIIUXCSA MATEMATHKO)

1
1. Jlokaxem cHauana, 4to € = lim (l+ X); .
Xx—>+0

1 1
O0603HauMM 3a N 1eNyko YacTh oTHomeHuss — . N =| — |. Torna cnpaBeInBO HEPABEHCTBO:
X X

1 1 1 1 1
N<|—|<n+1. Mepenumem ero B Buge — > X > —— . Torma 1+ —— <1+ X <1+ —. Ipu stom
X n n+1 n+1 n

n 1 n+l n+l -1 1 n
141 <@+x)k < WS I P D I <@+x)k < 1+31] 1+1].8
n+1 n n+1 n+1 n n

IOJIY4YCHHOM HEPABCHCTBE JICBAs U IIpaBasi YaCTU CTPEMSTCH K €, T.K.

n+1 -1 n
1+L — e, 1+L -1, 1+1 —>e 1+1 —1.
n+1 n+1 n n

1
Takum 06pa3oM, IO TeOpeMe “0 3aKaToil mepeMeHHoi” moydaem, uto € = [im (l+ X)x .
x—>+0

1
2. JlokaxeM Tenepb, uto € = lim (1+ X)? .
x—>—-0

O6o3naunM Yy = —X . [lomygaem, uto

1 1 1
1 1 y _ y y
(1+ X)§ = (1— y)vy = (ﬁ]y = (]ﬁ—;y]y = (1+ﬁ]y . Bepaxxenue li — +0 mpu

y
1-y

X — —0. O6o3HauuB t = nmoyydaem, uro t — +0, y= tt_l Torma
+

y | -+ !
1+ v = (1+ t)t = (1+ t)t . (1+ t). [TosryueHHOE BBIpaKEHUE CTpeMUTCS K € ipu t — +0,
-y

T.K. (l+t)% —e, (+t)—>1. Teopema nokazana.
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Bunem 11. Kpumepuu Kowiu cywiecmeoeanus npeoeia
HOC1€006amM e IbHOCH U

Onpenesenue 11.1. Ilycmo 3a0ana nociedosamenvHocms a,,a,,...,a,,... U

nycmv 1<n, <n,...<N, <... - go3pacmarowas nocied08ameabHoCb HaAmypaibHbIX

yucen. Toeoa nocredosamenvrHocmeo By 18 yeeey By g™ nOONOC/1€008AMEIbHOCHD

UCXOOHOU NOCIE008AMETbHOCHU.

Teopema 11.1. Ilocneoosamenvnocms a,,a,,...,a,,... Umeem

npeoden A mozoa u moavko mozoa, Ko2oa a0odasn eé

noonocneooeamebHOCmMb umeem npeoe, pagHulii A.

HOCKOHBKy IIOCIIEA0BATCIBbHOCTh CaMa ABJISACTCA OIIHOﬁ 13 CBOUX
HOATOCIeIoBaTeIbHOCTE! ( Aist KoTopoi N, =1,n, =2,...,n, =K,...), yIBepKaeHue
TEOPEMBI OUYEBUIHO B OJIHY CTOPOHY.

O6paTHO, N3 ONIPCACIICHUS MMOATIOCIICOBATCIbHOCTH Cpa3y BbBITCKACT, YTO

st moboro K Beimonasercs Hepaseneto N, >k . Ecim lima, = A,to ms
N—o0

mro6oro ¢ >0 cymectByer N Takoe, uto mpu N> N BBIMONHIETCS HEPABEHCTBO

‘an - A‘ < & Ilpu sTom mu1st 1100601 MOANOCIEeI0BATEIBHOCTH By 18y 8y e

npu K > N BeimonHsietcst HepaBeHCTBO N, > K > N, 3 KOTOPOro cieayer, 4to

a, — A‘ <& . Dro o3nauaer, yto lima, =A.

nN—o0

Teopema 11.2. (Jlemma Boabsiano-Beitepimrpacca).

U3 n1w0ooui ocpanuyennoll 6eCKOHEeUHOU NOC1e008ame1bHOCmU
MONCHO U36/1€4b NOONOC1008AMETbHOCHLb, CXOOAUWYIOCA K

KOHeYHOMYy npeoeny.

1. Ecny MHOXKECTBO 3HaUYE€HUH , KOTOPHIE IPUHUMAET
I0CJIEI0BATENBHOCTL Y KOHEUHOE, T.€. {a, }={,,b,,...,b,}, TO X0Ts GBI OHO U3

3HayeHui b,...,b, , 0003HauMM ero b, ona npuHEMaeT GeckOHEYHO MHOTO pas, T.e.
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CYILIECTBYET OECKOHEUHOE MHOKECTBO HOMEPOB N =N,,N,,...,N, ,... TAKKX, YTO

a_=b,i=12,... ITootomy lim B, {=b, moanocIeN0BATENLHOCTD {a i :1,2,...] —

n; ni !
HCKOMas.
2. PaccMmoTpuMm Teneps cityyai, KOria MHOXKECTBO 3HAYEHUN
6eckoneuno. Tak Kak f, |- GECKOHEYHOE OIPAHHICHHOE MHOMKECTBO, TO IO
Teopeme 6.1 cymiecTByeT npeaenpHas ToUka 3TOr0 MHOXKECTBA, paBHast A.

[TokaxxeM, 4TO CyIIECTBYET MOCIE0BATENBHOCTD N, <N, <...<N, <... TaKas, 4TO

lima, = A. Ilo onpeneneHuio npeaeabHON TOUKH, IS & =1 CYIIECTBYET HOMEP N,

n—oo

TaKOH, 4TO

.
a, — A‘ <e, . lonoxum &, = mm(E’ ‘anl — A‘) . CymiecTByeT n, Takoe,

4TO a, — A, a HOMEp n, BLIOUPAEM TaK,

n

a, — A‘ <g,.Touka a, #a, , T.K. ¢, <

4TOOBI BHINOIHAJIOCH HEPABEHCTBO N, >N, 4YTO MOKHO CJEJIaTh, TAK KaK B JIIOOOH

OKpPECTHOCTH npenenLHoﬁ TOYKH COACPIKUTCA OECKOHEUHOE YHCJIIO DJIEMEHTOB

.1
3TOr0 MHOXecTBa. [lanee, £, = mln(g, a,, — A‘) Kak n panblue, ctpoum &, Tax,

qTo0

8, — A‘ <&z u Ny >N, >n,. [Ipomomkas 3TOT IPOLECC, NOTYYaEM

IMOCJIEJOBATEIIFHOCTE anl,anz,...,a y... TAKYIO, UTO

1
a. — A‘ < —, 9TO O3HAYAET,
N Ny k

aro lima, =A.
k—oo K

2, )
Omnpeneaenue 11.2. IlocreoosamenvHocms { *! nazwieaemcs

pynoamenmanvHoul, eciu 0 1106020 NONOHCUMENLHOOE CYWeCmayem maKoe
¥(e) ymo ons ecex mn> N (&) pasnocmoe 3nauenuil a ,,a, nO MOOYIIO MeHblULE &,
m.e. Ve>0 3IN(e) vmn>N() [a,—a,|<e.

Teopema 11.3. (Kpurepnii Komm 11t mocjie10BaTeJbLHOCTH).

Ilpeoen nocnedosamenvnocmu cyuiecmeyem mozoa u moabKo

mozoa, K020a ma nocj1e006ameabHOCHb A61emcs
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¢dynoamenmanvuoil.

HeobxoauMocTh (=)

To, 4TO MOCNIENOBATENBHOCTH UMEET MPEJIEN, 3AIUIIEM TaK:
Ve>0 3N(e) Vn>N() |a, - A <%, vm>N() [a, - A <%. Jlerko BHIETH, 4TO
la, —a,| =@, — A)-(a, — AJ. ITo cBoiicTBy Moxyxeii: [c—d|<|c/+|d|. OGo3HauuB
c=dy-Ad=a,- 4 pyeewm: (@, —A) - (a, - A) <la, - Al+]a, —A|<§+%:g, T.€. U3

CYLIECTBOBAaHHUS MIpeiesa MOCIe10BaTEIbHOCTH JIETKO CIELYET €€
(GyHIaMEHTAIbHOCTb.

J1OCTaTOYHOCTh (<)

Bo-nepBbix, n3 hyHIaMEHTaIbHOCTH MOCIEI0BATEILHOCTH CIEYET €€

OrpaHU4eHHOCTb. JleiicTBuTenbHO, ycTh ¢ =1. Toraa cymectByer N € N Takoe,

YTO I BCEX m,n > N HMMECT MECTO HEPABEHCTBO \am - an\ <1. Monoxum
m=N +1. Torma qyisg Bcex n> N \an —aN+1\ <1l,te a,,,-1<a, <ay,+1 Iycrs

C, = max(\aN ) —1‘ , \aN " +1D . VI3 5THX HEpaBEHCTB TOr/a CIIEAYET, YTO mpH N > N
umeeM: [a,| < C,. Iomoxum C = max(|a,|....|ay|.C,) . Teneps mis Bcex N e N umeer

MECTO HePaBEeHCTBO [a,|<C, T.e. {a,} - OrpaHHYCHHAs OCIEJOBATEILHOCTb.

1

| TaKas, 4To

ITo Teopeme 11.2 cymecTByeT MOANOCIEI0BATEIBHOCTD {ank
OHa MMEET HEKOTOPLIM npeaen A |, T.e. I!im a, = A. Jloxaxem, 4o Bes
—0

T0CJIEI0BATEILHOCTH HMEET TOT K€ Tpejien, T.€ . uto lima, = A, ms yero
nN—o0

JOCTaTOYHO J0Ka3aTh, uTo V & >0 IN; Vn> N, ‘an - A‘ <g.

V Hac gokasano, uto V& >0 dK Vk>K

&
a, —A‘<§,HTO

Ve>03INVn>N,m>N \an—a.m\<%.



Ecmm N, =max(K,N) u ecin K > N,, o k > K, moaromy

la, — A=

a, - ank

_.|_

& €
a, — A‘ < 2 + ' & , 4TO ¥ TPpeOOBAIOCH JOKA3aTh.

46
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bunem 12.Henpepovienocmo ¢hyuxuuu. Ceoiicmea Henpepovlé HblX

dyukyu

OKpecTHOCTHIO AEHCTBUTENBHOTO YKCIa HA30BEM 1000 nHTEpBaI B P,

coJeprKaluii 3To yncio. TakuM 00pa3oM, OKpECTHOCTBIO yncia X, € P Oyner
BCSIKUW KOHEYHBIA UHTEPBAI (a, b), a <X, <b, Bcakuii OeCKOHEUHBI HHTEPBAI
(— o0, b), X, < b, xaxap1ii 6eCKOHEUHBII HHTEPBAI (a, + oo), a<X,,HBCcE

P = (— 00, + oo). ITpon3BONBHYIO OKPECTHOCTh TOUKH X, € P 0003HaunM
cumBosiom U (XO). W3 onpenenenus cienyert, 4to: 1) Touka IPUHAIIICKUT KaXKI0H

CBOE€I OKPECTHOCTH; 2) BCSIKUI MHTEPBA, COAEPIKALIUNA OKPECTHOCTh TOUKH, €CTh

OKPECTHOCTb ATOW TOUKHU; U 3) OKPECTHOCTb TOUKH X, €CTh OKPECTHOCTH KAXKIOU
Apyrou cBoei Touku. Kpome Toro, 4) mepeceueHue qBYX JTOOBIX OKPECTHOCTEH
TOYKHU €CTh OKPECTHOCTh ITOM TOUKH.

Cpenu Bcex OKpeCTHOCTEH uncna X, € P BbIIEISAIOT OKpECTHOCTD

cnenuanbHoro Buaa. IlycTts O — MpOM3BONIBHOE TOJOKUTEIBHOE YHUCIO; O-

OKpecmHOCmbIO YUCTa X, HashBaeTcs mHTepBan (X, — 8, X, +3); To ecTh
MHOKECTBO BCEX YHCEN X , YIOBIETBOPSIONINX ABOWHOMY HEPABEHCTBY

X, —0 < X < X, +&. OHO pPaBHOCUJIBHO OJJHOMY HEPABEHCTBY ‘X - XO‘ < J, TaK 4TO
O -OKpECTHOCTh YHclia X, €CTh COBOKYIMHOCTh BCEX TOUEK YMCIOBOM MPSIMOH,
OTCTOSIIIIUX OT X, HA PaCCTOSHUM, MEHbILIEM, YeM O; O-OKPECTHOCTh YHcia X,

o603HaunM U ( X,,d); 9uCII0 O HA3BIBAIOT paouycom dTOH OKPECTHOCTH.

HetpynHo npoBeputh, 4TO JIt0Oasi OKPECTHOCTh YUCTIA COACPIKUT
HEKOTOPYIO O-OKPECTHOCTH ATOTO YHCIIA, a JIF0OBIE 1BA PA3IUIHbIC

JICUCTBUTEIbHBIC YHCIIA O6HaIIaIOT HCTICPCCCKAIOIMUMHUCSA OKPECTHOCTAMMU.

Ecmu u3 oxpectroctu U (@)= (o,f) Touxn a € P, o <a <P, ynamurs
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TouKy @, To momyuennoe Muoxecto U (a)=U @)\ {a}= (o,a)U (a,B) Hazwsaror
npoxonomoii okpecmuocmuio Touku a . Uurepsan (o, a) HAa3bIBAIOT J1€60U
(IIPOKOTIOTO#N) OKpecmHoCcHbIo TOUKU @, MHTepBan (a, B) — npasoii (MPOKOIOTOMN)

okpecmHocmulo TOUKU a . Kak 1 B ciIydae OKpECTHOCTEN, IPOBEPSAETCS, YTO
nepecedeHne JIBYX MPOKOIOTHIX OKPECTHOCTEH TOUKU 00pa3yeT NPOKOIOTYIO
OKPECTHOCTD 3TOii TOUKH H YTO Kaxiast IPOKOIOTas okpecTHocTs U (@) Touxn a
COJIEPIKUT HEKOTOPYIO €€ npoKoIomyio §-0KpecmHocmb

U (a,8)=(a-5,a)U(a,a+s), 8> 0. Ananoruuno, mobas nepas [npapas]

OKPECTHOCTb TOYKH & € P comep kUt HEKOTOpYyIO €€ JIeByIo [IIpaByo] O-

OKPeCmHOCMb (a -9, a) [(a, a+ 8)], 0>0.
HenpepbIBHOCTH QYyHKIIMU B TOYKE

[Iycte f —uncnoBas gynkuus, onpenenéHnas B okpectHocTr U (X,) TOUkH
X, - Pa3HOCTH MeX Ty MpoM3BONBHBIM 3HaueHHeM X € U (X,) U X, Ha3bIBaeTCA
NpUpalieHeM apryMeHTa X B TOUKe X, U 00bI9HO o0o3HavaeTcs AX. Takum

obpazoMm, AX = X—X,, X = X, + AX.

Pa3zHoCTbh Mex Iy 3HaueHUsAMU QYHKIUM f B TOUKE X U B TOUKE X,
HA3BIBAIOT MPUpAIlEHHEM (YHKIUK B TOUKe X, M 00bIYHO 0603HauaroT Af (X, )

Takum o6pazom, Af (x,)= f(x)- f(x,)= f(x, +Ax)- f(x,).

EcrecTBeHHO onpenennTs HeMpephIBHOCTh f B X, Kak CBOMCTBO,
COCTOSILIEE B TOM, YTO MaJIbIe IPUPALLECHUSA apIYMEHTa X B X, BBI3BIBAIOT MaJble
npupamenus Gyakuuu f B X, T.e. Af (XO) MOYKHO CJI€JIaTh CKOJIb YTOJHO MaJIbIM,

€CJIA B34Th JOCTATOYHO MAJILIM AX.

Onpenenenune 12.1 (0. Komn). @yuxyus f, onpederennas 6

okpecmuocmu U (X,) mouku X, Haszvieaemcsi Henpep vl 6 H O il 6 mouxe X,
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ecu 0 NpoU360JIbHO20 NOJOHCUMENBHOCO HUCTAA € MONCHO YKA3AMb maKkoe

yucno 6 >0, umo 6 kasicooti mouke X, ‘X — XO‘ < O cnpaseonuso HepaseHCcmeo
‘ f(x)-f (XO} < &, UHbLIMU crosamu, 075 Kaxcoozo € >0 cywecmeyem makoe

& >0, umo nepasencmeo ‘AX‘ < O 6neuém HepaseHcmeo ‘Af (XOJ <Eg.

Ipumep 12.1. ITocTosiHHBIE BCIOY HENPEPHIBHBI.

Mpumep 12.2. Jluneiinas gynaxmun f(x)=ax+b, a # 0, nenpepsiBHa

BCcroay Ha P .
W [Ins npousBonmbHBIX X,,X € P umeem f(x)— f(x,)=a(x—x, ). Jlna

€

npou3BoJibHOTO € > 0 paccmorpum § = ‘ ‘
a

> 0. Jlns npou3BONBHBEIX X, X€P n

‘X - XO‘ < O CHpaBeINBO HEPABEHCTBO ‘ f(x)- f (XO} = \a\ : ‘X - XO‘ < \a\ d=¢. A
Ipumep 12.3. OyHxus ‘X‘ HelpephiBHA Bcroay Ha P .

V J171st Mpou3BONBHBIX X, ,X € P nmeem HX‘ — ‘XOH < ‘X — XO‘. IlosTomy, eciu

€ >0 — npousBonbHOE U O =¢€ >0, TO HX‘_‘XOH<8 JJIS BCeX X C ‘X—X0‘<5- A

Teopema 12.1.( Kpurepuii HenpepbiBHOCTH GYHKIUH B TOYKe)

@yukuyua f nenpepwviena ¢ mouke x, mo20a u MojabKo mozoa,

K020a 0.1 npou360bHoul nociedosamensvrocmu (x ) mouex x, €D,

neN, umerowen lim x_ = x,, uuciosas nociedosamenvhocms (f(x )

N—+o0

exooumen u |im f(x, )= f(x,); m.e. lim f(x )= f(limx,).

N—+o0 n—+o0

VHeooxoaumocts. [Tycts ¢pynkuus f nHenpepriBHa B Touke X,. CormacHo
onpeneneHuto 12.1, ans mpousBonbHOrO € >0 cymecTByer Takoe 0 > 0, 4to
‘ f(x)—f(x, )‘ < g, ecnu ‘X — XO‘ < 0. PaccMOTpUM MPOHU3BOIHHYIO

MOCJICIOBATEIILHOCTD (Xn ), n e N, umeronyto lim x, =x,. Toraa ajs a000ro

n—>+o0
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yuciaa 6 > 0 MoxkHO ykas3aTh Takoi naaekc N € N, uto ‘Xn - XO‘ <0 1 BCex
n> N . (OrMmernMm, 9to BEIOOp urciia N 3aBUCHUT OT J , BEIOOP KOTOPOTO 3aBUCHUT
OT €, H, CJICI0BATEILHO, BEIOOD yKciia N B KOHEUHOM CUETE 3aBUCHT OT € ).

[ToaTomy ‘f(xn)— f(XO} <e mmascex N> N, re f(x )= nIim f(x ).

JocTtaTouHOCTb. [IyCTh BBINOJIHEHO CBOWCTBO, YKa3aHHOE BO BTOPOU YaCTH

dopmynupoBKH TeopeMbl, HO pyHkuus f He HempepbiBHa B Touke X, . CorilacHO
oOpateHuto onpeaenenus 12.1, cymectByer Takoe uucio €, >0, 4to 1
npou3BoJIbHOTO yncia ¢ > 0 Haiinércs Takas Touka X, € D, u ‘XB - XO‘ <0,B
KOTOPOH ‘ f(x,)-f (X01 > ¢g,. Paccmorpum 8 =1/n >0, n e N, u Beibepem st
Kkaxzaoro N € N Takyro Touky X, € D, uton ‘Xn —XO‘ <d,=1/n,neN,n

‘ f(x, )- f(XOI >g,, NeN. Ilockonbky lim1/n=0, To, Ha ocHOBaHUK

n—+oo

OIICHOYHOTI'O IIpU3HAaKa CYICCTBOBAHMA MPEaALCiia MOCICA0OBATCIIBHOCTH,

lim x, = x,. Hepasencrsa | f (X, )- f(XOI >¢g,, NeN, nokaseBaior, uto f(X,) He

N—+o0

SBJIACTCA NMPEACTIOM IMOCICAOBATCIIBHOCTU (f (Xn )), qTO NPOTHUBOPCUYUT YCIIOBUIO.

CnenoBatenbHo, pyHkuus f o0s3aHa OBITH HEMPEPHIBHOW B TOUKE X,. A

Takum 00pa3oM, B HallleM PacHOPSKEHUU UMEIOTCS HE TOJIBKO JIBE
METOJIMKHU B U3YYEHUU CBOMCTB HEMPEPHIBHBIX (DYHKIINI, OCHOBaHHbIE HA
onpeneneHny Konm u Ha CBOKCTBAaX CXOAALIMXCS MTOCIEN0BATENBHOCTEN, HO U

BO3MOXHOCTDH OIITUMAJIBbHOI'O UX BBI60pa IIpHu J0Ka3aTCJIbCTBAX.

JIoKa3aHHBIN KPUTEPUH MTO3BOJISAET CUMUTATH CBOMCTBO, PABHOCUIIBHOE
MCXOJHOMY OIPENENICHNIO HEPEPHIBHOCTU (PYHKIIUHU, PABHOCUIIBHBIM

onpezaenaeHneM (KOTopoe 0OBIYHO Ha3bIBAIOT onpedenenuem no I eiine)

HenpepbIBHOCTD C10:kHOM GyHKIMH (KOMIIO3ULUHA (PYHKIMIA)
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Teopema 12.3. Eciu ¢pynkuyusa g HenpepviéHa 6 mouke X,, a

¢ynukuus f nenpepviena 6 mouke y, = g(x,), mo Komnozuyus f -g
IMUX PYHKYUIl Henpepvi6Ha 6 MmoUKe X, .

WV 1lo yciioBuio TeOpeMbl, Il MPOU3BOJILHOM MMOCIICI0BATEILHOCTH (xn ),

neN, nlljl X, = X,, 10 KPUTEPHIO HETIPEPBIBHOCTH (PYHKIUU J B TOUKE X,
uMeeM nILIDO y, = nILI‘EO g(x. )=9(x,)=y,. IIpuMeHsis KpUTEpHii HEIPEPHIBHOCTH K
¢ynkuuu f B TOUKE Y,, HOTY4HM, 4TO CYHNIECTBYET nILIDO f(y, )= f(y,)
Hockomsky f(y, )= f(g(x,))=(f-g)Xx,), neN,u f(y,)=f(g(x)=(f-g)x,), T0
lim (f .9 )Xx,)=(f - g)Xx,) ans moboit mocnenopatensrocT (X ), NeN,

nlljl X, = X, . COINIaCHO KPUTEPHIO HENIPEPHIBHOCTH (DYHKLIUU B TOUKE, (QYHKIIMS

f -g HempepbIBHA B X,. A

CBOIICTBO COXpaHEHHUsS] HEPABEHCTBA (3HAKA)

Teopema 12.4. Ilycmo pyukuyusn f nenpepwviena 6 mouxe x,.

Ecau (x,)>c, mo cywgecmeyem maxas okpecmnocms U, mouxku x,,
umo f(x) 6obme c ona eécex xeU,. Ecau f(x,)<d, mo cywmecmeyem

makan okpecmuocms U, mouku x,, umo f(x)<d ons ecex xeU,.

VW Cornacho onpenenenuio 12.1, ans ancna €, = f(x,)—¢ >0 cymecTsyer
Takoe uncno J, >0, uro | f (x)- f (Xo} < &, AJsl BCex X, ‘X — XO‘ <0,.
Iostomy, B wactHocTH, f(X)> f(X,)—&, =C mmaBcex xeU,, rme U, — §,-
OKPECTHOCTb TOUKH X, .

AHATIOTHYHO, COTIACHO onpeenenuio 12.1, ans uncna g, =d — f(x,)> 0

CYIIECTBYET TaKoe 4ucio o, > 0, 9ro ‘ f(x)- f(x, } < &, Ui Bcex X,
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‘X — XO‘ < d,. Torna, B uactroctu, T (x)< f(x,)+ &, =d musseex xeU,,

rae U, — J,-OKpeCTHOCTb TOUKH X, . A

CBOJCTBO JIOKAIbHOI OTPAHUYEHHOCTH

Teopema 12.5. Ecau ¢pynkuyusn f nenpepwviena 6 mouke x,, mo

f oepanuuena 6 nekomopoii okpecmnocmu U mouxu x, .

Vlonaras B ycnousx Teopemsi 6.4 ¢ = f(x,)—1u d = f(x, )+1, Haitném
Ha OCHOBaHUHM €€ yTBep)KJeHus Takue okpectHoctr U, u U, ToukH X, , 4TO
f(x)> f(x,)-1 anascex xeU, u f(x)< f(x,)+1 nms Bcex xeU,. Cormacro
cBolicTBY 4) okpectHocTel, mepeceuenne U, [1U, =U ects okpecTHOCTB TOUKH

X, , B KOTOpOii BBITIONHsIETCA ABoHOE HepasencTo f(x,)-1< f(x)< f(x,)+1 A

Apudpmernyeckue 1eiiCTBUA HA/l HENPEPbIBHBIMHA (PYHKUMAMHA

Teopema 12.6. Ecau ¢pynxkyuu f u 9 nenpepwvienot 6 mouke x,,

mo: 1) T +9 Henpepviena 6 mouke x,; 2) cf nenpepviéna ¢ x, ons

f
écex ceP ; 3) f-g nenpepoigno ¢ x,; 4) 5 HenpepvleHo 8 X,, K020a

g(x;)=0.

V Jloka3aTenbCTBO BCEX YEThIPEX YTBEPIKICHHN TEOPEMbI BEJIETCS
€AMHO00Pa3HbIM CIIOCOOOM, KOTOPBII MPOAEMOHCTPUPYEM B CIIy4ae YTBEPKICHHUS

3)

PaccmoTpuM poOM3BOJIBHYIO TTOCIIEN0BATENIBHOCTD (xn ), X, €D,,, neN,

f.gl

anst kotopoit lim x = x;. Torna X, € D, u X, € D, ne N, u, no xpurepuro

N—+o0

HENpepHIBHOCTU (yHKIMH B Touke (myHKT 6.1.3), lim f(x_ ) = f(x, ),
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lim g(x, )= g(x, ). ockomsky (f -g)Xx, )= f(x )-g(x ), neN, 1o no croiicTBy

X—>+0

CXOIAIIMXCS HocHenoBaTenpHocTeii cymectsyer lim(f - g)(x, )=
X—>0

=lim f(x,)-limg(x, )= f(x,)-g(x,)=(f - g Xx, ), u o kpurepmo 12.1pynxrms

f -9 HenpepriBHA B X, .

ITycte Temeph g(xo);t 0. CorynacHo CBOWMCTBY COXpaHEHHUs 3HaKa
(Teopema 6.4), cymectByet Takoit uaaekc N € N, uto g(xn);é 0 mns Bcex N> N ;

T.e., X, € D,,,, N> N . IloaToMy, B cri1y CBOMCTBA JIOKAILHOCTH Mpeena

1/g?

.1 : 1 1 1
nocienoBarenbHocTd 1 Kpurepus 12.1 lim —(X )= lim = =—(X, ) n
X—>+00 g ( ) X—>+00 g (Xn ) g (XO ) g ( 0 )

1 . f 1
(GyHKIMST — HETpephIBHA B TOYKE X, , a BMecTe ¢ Hell U pyHkuus — = f a A
g

HenpepbiBHbIE QYHKIMH

Onpenenenue 12.3. Touku, 8 Komopwvix hyHKYUs HenpepvieHa, HA3bIEAIOM
MoOYKaMu HenpepwvleéHocmu 3mou ynkyuu. QYHKYUIO HA36IBAIOM
HenpepuvleéHOIl, eclu 8ce MOUKU e€ 001acmu onpedeneHus — Mmo4Ku

HeNnpepvle6HOCNU.

bunem 13. Onpeoenenue npeoena hynkuuu, apudpmemuueckue

ceolicmea npeoena, npeoeibHblil nepexoo 8 HePageHCm8ax

GBpMcmqecme paccyxneHud, npuBoasume K NOHATUKO npepgena beHKLWIVI B TO‘-IKe(
npunBegeHbl Ans obGneryeHus MOHNMMaHUA, YTO TaKoe npe.qen)

OTOT NYHKT Ha 3K3aMeHe HeobsA3aTeneH.

Paccmotpum doyHkumio SJN X (YnTaeTcs: 3HaK UKC), onpeaensieMyto BoipaXeHnem

-1, x <0,
sgnx =14 0, x=0,
1 x> 0.

®yHkuma SQN X He ABnseTca HenpepbIBHON (PYHKUMEN B ToUke X, = 0, MOCKONbKY B 3TON

TOYKE HEe BbINOMHAETCH KpUTEPUN HenpepbiBHOCTU pyHKuun (cM. pasgen 6.1.3). OencTButernsHo,
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nocnenoBaTenbHOCTb (Xn), X, :l/n, neN, cxogurcs k uneny O ( lim X, = lim ==0),

N—+o0 n—+o N

n

1
nocrnenoBaTenbHOCTb (sgn X ) sgnx, =1 (X, =—>0), N € N — nocrositHasi u
n

lim SgnXx = 1, 1o aTOT Npepen (u1cno 1) He coBNagaeT co 3HaYeHNEM YHKLN SgN X B Touke
N—+o

X, = 0 (sgnO =0 #1). AnanoruHo, nocneaoBaTensLHOCT ( Yo Y, = —% <0,neN,

. . 1 .1
CX0QuTCA K umcny 0 ( lim Y, = lim|-=|==lim==0 ), nocnenoBaTenbHOCTb (sgn Y, )
nN— -+

N—+oo n n—+ow n

sgny. =-1, neN — nocrosnnas, umeer limsgny =-1u —1#0=sgn0.

n—+oo

B ocTanbHbix Toukax X # 0 dyHkums SJN X HenpepbiBHa, NOCKOMbLKY B HEKOTOPOIA

okpecTHocT kaxaol Toukn X # O ona nocTosiHHast. Mpaduk doyHKLM SgN X wn3obpaxeH Ha puc. 7.1.

y“ y“
= sgn X
1 y =50
. 1 _y=[sgnx]
0 X
1 0 X
Puc.13.1 Puc.13.2.

He Gynet HenpepbiBHOM B Touke X, = 0 u dyHkums f(X)Z \sgn X‘,

1, X =0,
sgnx| =
0, X =0,

=1, neN,ulim =1, Ho

nN—+oo

MOCKOIMbKY \sgn X‘ = \sgn Y,

sgnx,| = lim|sgny,
nN—-+oo
120= \sgn 0‘. B octanbHbIx Toukax X 7 O dyHkuus \sgn X‘ HenpepblBHa. ['paduk PyHKLMK

\sgn X‘ n3obpaxeH Ha puc. 7.2.

OpHako xapakTepbl nosegeHust dyHkumn SQNX u \sgn X‘ B OKPECTHOCTM TOYKM X, = 0
KayeCTBEHHO pasnuyHble. [Onsg dyHKumu f(x):\sgn X‘ MOXHO YKasaTb Takoe YMCro | (a MMeHHo,

I =l),qTo | =1=Iim f(Zn)z lim

N—+o0 N—+o0

sgn Zn‘ ans nobol nocnenoBaTensHOCTH (Zn ) Z * 0,

neN, lim Z = 0, nockonbky, No onpegeneHuio, \sgn Zn‘ =1, Z # 0, ne N. Kpome Toro,

N—+o0
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Ans MoBoro OTAWYHOTO OT Hyna npupalleHnss AX = X — X, =X# 0 aprymeHta X B TO4YKe X, = 0
pasHOoCTb f (X)— | = \sgn X‘ -1= 0, W, crnenoBaTenbHo, ‘ f (X)— |‘ < & pnsa nwoboro 4yucna
>0 necex X # X, (=0); B YaCTHOCTHU ‘ f (X)— |‘ < € ansBcex X # X, u ‘X— XO‘ =‘X‘<5,

rae O =€ > 0. Yucno | =1 Hasbisator npeaenom gyHkuum f (X)Z \sgn X‘ B Touke X, = 0.

Yuero | =1 Gyaet npegenom B Touke X, = 0 Takke n Ans dyHKUMM g, obnactbto
oripeaerneHns Dg KOTOPOW CRY>XUT MHOXECTBO P\ {0} (ToecTb Bce X # 0 ), @ 3Ha4YeHus
g(x): \sgn X‘ =1, Xe Dg , (X # 0), nockonbky HepaBeHcTBO \g(x)—ﬂ = ‘1—1‘ =0<e¢
cnpaBenvMBo Anst Bcex X € Dg n0< ‘X— XO‘ = ‘X‘ < 5, roe 0=¢>0.

AnanoriiHoro uucna | Ans dyHkum SQN X B Touke X, = 0 ykasaTb Hemnb3s. B npuBeaéHHbIX

BbllLle pacCyXaeHuAX BaXKHbl cneayvowme T1pu obcTosTenbLCTBRA. BO-I'IepBbIX, 3Ha4YeHnda npupailieHuna

aprymeHTa dyHKUMK f (X)Z \sgn X‘ B Touke X, = 0 BbIGUpaloTCs BCE OTNMYHBIMI OT HyIIst; TO €CThb

Touka X =X, + AX # X, - Bo-BTOpbIX, NOCKOMNbLKY BCErga AX#0, 10 X, He MOXeT 6biTb
N30NMPOBAHHOW TOYKOM 06nacTy onpeaeneHns Df dyrkumm T | a Hanpotus, nioGas kak yroaHo manas

OKPECTHOCTb TOYKM X, AOMKHa cofepxaTtb XoTa Bbl 04HY ToUKy X 13 obnactv onpeaeneHns yHKLum
f , otnuunyio ot X, - W1, HaKoHeL, B-TpeTbUX, NepecTaéT ObiTb BaXHbLIM CaMO CBOMNCTBO

NpUHaanexHocTv Touku X, obnactui onpeaenexus Df dyHKumm, 6o sknaa B uucro | =1 gaiot nuws
Te 3HayeHus PyHKUUU f (X)Z \sgn X‘ , KOTOpblE NPUHMMAIOTCA €10 B TOYKaX, OTNUYHbIX OT X, = 0.
MocnenHee 06CTOATENLCTBO ABHO NPOSBUMOCH NPU paccMOTPEHUn yHkLumn J , Dg = P\{O} n

g (X) = \sgn X‘ =1, xe Dg . HakoHel, ykaxxeM Ha eLLé oaHO BaxXHOe OBCTOATENLCTBO: €Cnn

PaccMOTpPeTb HeMnpepbiBHY YHKLIMIO h(X)z =1 xeP = Dh, To h = g ans Bcex

X e Dg = {XO}, X, =0, 7] h(XO)=| =1, rne I —npegen gyHkumn (§ B TOYkKe X, =0.

[Tycte f(X)ompeneneHa B HEKOTOPOU MPOKOI0TOMH okpecTtHOCTH W (@)

TOYKH A.

Onpenenenune 13.1. Dyurkyus f (X) umeem npu x — a npeoden, pasuolii

yucay A moeda u moavko mozoa, ko2oa 0is nobot okpecmuocmu V(A) mouxu A

cywecmeayem npoKoJIomas OKPeCmHoCnb U () mouku a (U(a) cW(a)] makasi,
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umo T(U(a)) = V(A)fU()), um, PABHOCUTILHO, MAKAsl, 4mo 0Jis 1106020
xeU(a) f (x)e V(A). C noMoIbo JIOTUYECKHX CUMBOJIOB 3TO OTIPEICIICHHE
sammceiBaercs tak; vV V(A)3U(a) vxeU(a) f (x) e V(A)

JlaHHO€ ompeneneHne Ha3bIBaeTCA onpeaeneHueM npeaena no Komm.

B aTom onpeseneHn MOKHO BMeCTO ipor3BoiibHON V(A) paccmaTpuBathb
V. (A) npu npousBonsHOM & >0 1, COOTBETCTBEHHO, BMECTO U(a) - mpoKoIoTyIo
OKpPECTHOCTh U S (a). Torma oHO mpUMET BUA:
Vv V. (A)3U(a),(a) YxeU,(a) f(x)eV.(A) .

BenomuHasi, 4o yernosue X € U () paBHOCHIBHO HepaBeHCTBaM
0 <‘X — a\ <d,aycnosue f(x)eV ,(A) paBHOCHIBHO YCIOBHIO ‘f(X)— A‘ <eg,

MOJIy4aeM paBHOCUJIBbHYIO onpeaeneHuto 13.1 3anuch onpeneneHus npejaena Ha

"sm3pike £ -0 Ve>0306>0 VX 0<‘X—a‘<5 ‘f(x)—A‘<g

Teopema 13.1. Ecau npeoen ¢pynxuyuu f(x) npu

X— a cymwecmeyem, mo oH eOuncmeernen, m.e. lim f(x)=A,
X—a

lim f(x)=A, , mo A =A,.

X—a
JokazareabcTBO. [lycTh cHOBa hyHKIMS f(X) MMEET Mpu X — aiBa

npenena, A u A,. Toraa, mpumeHsis onpeneneHus npeaena npu X — @ noxyyaem,

A, - Al
2

YTO IS & = CYILIECTBYIOT YHCIA &, M &, TaKue, 4To mpH 0<|x—a <&,

BBIIIOJIHAETCA HEPABEHCTBO | f (X) — < ,anpu 0<(x—al<d, BBIIOJIHACTCS
p P 2

A, - A
2

HepaBeHCTBO | f(X)— A,|< . Torma monoxum & = min(s,,5,) 1 mMoTpedyem,

A, - Al
2

4T06bI 0<|x—38| <5 . IIpu 3TOM

A, = A =|A, = FO)+ F(X) = A[<[A, = FOO[+|F(X) - A =[F(X) = A +|F () - A<
Al (A A
2 2

:|A2 _A1|
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[TomyueHHOE MPOTUBOPEUHUE 10KA3BIBAET TEOPEMY.

Onpenenenue 13.2. Qyuxyus o.(X) - beckoneuno manas npu x— a, eciu

)I(i_rnioc(x) =0.

Teopema 13.2. lim £(x)=A mozoa u moJibKo mozoa, K020a

f(x) = A+a(x), 20€ a(x)- OeCKOHeYHO MAanasa npu x — a PyHKUus.
Joxa3zateabcTBo. O003HaunM o(X) = f(X) — A. Ycnosue >|<'_Q?i f(x)=A
PaBHOCHIIBHO TOMY, uT0o V& >03 6 >0 VX O<‘X—a‘<5 ‘f(x)—A‘<g, qTO

paBHOCHIBHO yenoButo V ¢ >03 6 >0 vx 0< ‘X — a‘ <o ‘oc(x)‘ < &, 4TO, B CBOIO

ouepeqlb, O3HAyYaeT, YTO «(X)- OECKOHEUHO Majas Mpu X —a.

Omnpenenenue 13.4. Oynkius S(x) HA3bIBACTCS OZPAHUUEHHON TIPU X — A,

€CIIM OHa OrpaHMYeHa B HeKoTopoi U(a), T.e. eciu IC: Vx e U(a) ‘B(X)‘ <C.

Teopema 13.3. (CBojlicTBa 0€CKOHEYHO MAJIBIX)

1. Ecau a,(X)u a,(x)- OeckoHeuno masvle npu X — a, mo ajnzedpauueckas
cymma - o, (x) + o, (X) moosce 6eckoneuno manas npu
X—>a;

2. Ecnu a(x)- 6eckoneuno manas u [(X)- 02paHuyueHnas npu x —a, mo
npouseedenue o(X)- f(X) ecmb 6ecKOHEYHO Manas npux —a;

3. Ecnu o,(x) u a,(x) - 6eckoHeuno majivle npux — a, mo npouseedeHue -
a,(X)-a,(X) moixce 0€CKOHEYHO Manas nPuUX —> a.
Joka3zateabcTBO. [[0Ka3aTeaIbCTBO MPOBOIUM JIJIsl CIy4asi 0€CKOHEYHO

MaJbIX ¢ yHKIHMA.

1. 3adpukcupyem NIpou3BoJibHOE & >0 U paccMOTpuM =/2. Torna, mo
OIIpPENIEIICHUIO TIPEENa,

351>0Vx:0<|x—a|<51|al(x)|<%

3s, >0Vx:0<|x—a|<52|a2(x)|<%

O603HauuB & = min(5,,5,), MOIy4aeM:

P
_ al<=
0<|x—a|<5:>{0<|x d<a_ <3
0<|x—a|<32 |a2|<£

2



Io cBoiicTBy Mosyseii: | +d| <
a, (X) £ o, ()] < e, (O] + e, (%) < £+ £ = & . Taxum o6pasom,
001,00 < s (0] s 00] < £+ & :
Ve >035>0Vx:0<[x—a/<s

oy (X) £ a, (X)| < &, T.e. ay(X)to,(X) - GeCKOHEUHO Manasi.

2. B(x) - orpanmdena pu x —»aT.e. 3 U, (@), 3¢ vxeU, (a) ‘B(X)‘ <C.

&€
3adukcupyem npousBoibHoe £ >0 u paccmorpum —. Torma
c

351>0VX20<|X—a|<51|051(X)|<%.

O603HauuB 3a § = min(5,,5,) MOJIy4aeM:
0<|x—al<s,

0<|x—a|<5:>{
0<|x-al <3,

= la(x)| < %,|ﬁ(x)| <c=la(x)- B(x)| < &. 3Hauwu,

Ve >0356 >0Vx:0<[x—a <5, T.e. a(X)- B(X)- OECKOHEYHO Majas P X —>a.
3. JlokaxeMm cHaydaja JemMmy.

Jlemma 13.1. Ecom a(x)- GeckoHeyHO Manas mpu X — a, TO OHA

OrpaHWYeHA MPHU X —a (Hao0OpOT - HEBEPHO!).
Joka3zaTeabCcTBO. BO3bMEM £ = 1 ¥ MOJTYyYUM, UYTO

Ve >035>0Vx:0<[x—a/ <5 |a(x)|<1. Takum obpasom, Ipu X —>a a(x)

orpanuyeHa. Jlemma nokasasa.

, 0003HauuB C = a,(x),d = a,(x) moay4daem:
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Bepuémcs k Teopeme. [1o nokazaHHOM TeMME «, (X) - OTpAaHAYEHA MPU X —> A .

Ocranock TPUMEHUTH CBOMCTBO 2) OECKOHEUHO MaJIbIX, JOKA3aHHOE BHIIIIE.

Teopema 13.4. (ApudMeTnyecKHe CBOMCTBA Mpeaeia)

Ilycmo 06e pynkuyuu f(x,) u f(x,), umerom npedenvt A; u Ay, coomeemcmeenno,

npux —a. Tozoa npeden cymmul, paznocmu, npouszeedenus, u, eciu A = 0,
YaACmMHO20 IMUX PYHKYUIL pagHvl COOMEEMCMEEHHO CyMMe, PAZHOCHU,

np0u3eeoenum U 4acmmHnomy 3HaA4eHuUs Imux npedeﬂoe, m.e.
lim f(x,) = A lim f(x,) = A, = lim f(x)+ f(x,) = A £A,
X—a X—a X—a

f(x) A
lim () £(x,) = A - Ay, A, #0, mo | A
im f(x,)- f(x,)=A - A, ecau A, 20, mo lim—=== fx,) A,

AHAJIOTMYHO TeOpeMa BEPHA U JJISI IOCJIEI0BATEBHOCTEM.

JlokazareabcTBO. [10o Teopeme 13.2 U3 yciaoBus cienyerT, 4To

() = A +a,(x)
()= A, +o,(X)

rae o, (x), a,(X) - 06CKOHEUHO MaJIble TIPU X — a



Torma f,(X) £ f,()=A A +a,(X)£a,(X) = A £ A, +(a,(X) a,(x)). ITo
teopeme 13.3 anrebpanueckas cyMMa O€CKOHEYHO MabIX o, (X) +a,(X) -

OECKOHEUHO Majas, T.€. )!i_nga(fl(x) + f,(x))= A + A,, cHOBa o Teopeme 13.2.

IlepeiineM K IpOU3BEACHUIO
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fl(x)' f, (X): (A1 + O‘l(XD' (Az +O‘z(XD: A-A, +0‘1()()' A +A -az(x)+a2 (X) al(x)'

[TocnenHue cnaraemele - 0ECKOHEYHO MaJas BeJIM4uHa npux — a. Ilo cBoiictBam 2

1 3 0ECKOHEYHO MaJlbIX, - OECKOHEUHO Mainble Ipu X — a. [lo cBoiicTBy 1 nx

cyMMa — OecKoHe4HO Manas npu * = ¢ ITo Teopeme 13.2, lim(f,(x)- f,(x))=A, - A,.

Ileperinem K mpeienny 4aCTHOTO U TIOKAKEM CHadalia JIEMMY:

Jlemma 13.2. Eciu A, 20, To 36 >0:VX:0<|x—8| <& Brmonusercs

\Az\

HepaseHcTeo | f,(X)|>
AZ
Jloka3aTejabCTBO. BriOepeM & = - Torma 36 >0vx:0<|x-a|<§

E|5>0:Vx:0<‘x—d<5‘f2(x)—A2‘<%:>A2 —%< f,()<A, +%:> fZ(X)>%‘,

JlemMma nmoka3zana.

Teneppb nokaxeM cienyrouee yrBepKIeHue:

1

Jlemma 13.3. Eciu A, %0, 10 lim
x—a f (X) A2

Jloka3zaTeabcTBO. lIMeeT MmecTo paBeHCTBO

L1 AR =2%M 1y eume 82 5 U, (a) BBIIOJIHSETCS
f(x) A, Az L) A0
A
HEpaBeHCTBO |f,(X)|-| A2|>7.|A2|, CHIENIOBATENEHO, |- —— & ) Az — . 3HAYMUT,
1 -, (X)
GyHKUMA ————— OrpaHMYeHa Npu X —»a, U —2—— - OECKOHEHYHO MaJjasi nIpu

f,(X)- A, A, 1,(%)
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1 1 . 1 1
X — a. Takum 00pazom, =-— 0ecKOHEUYHO Majasd, T.€. lim =—.
f,(x) A, = f(x) A,

JlemMma nmoka3zana.

. f(x
Jlna nokazarenbcTBa paBeHCTBa lim ﬁ = i

af(x) A

yacTh Teopembl 13.4 o mpezene npousBeeHus GyHKIIHMA.

npuMeHuM jemmy 13.3 u

Teopema 13.5. Eciu ¢pynkyusa umeem npeden npu x — a, pasnsiit A u

6 HeKomopout npoxkonomoi okpecmuocmu U (a) mouxku a npunumaem

Heompuyamenvuule 3navenus, mo A>0.

Jloka3aTeabCcTBO. byaeM 10Ka3piBaTh METOAOM OT IPOTUBHOTO. [lomycTum,

uyro A<0. Bo3pMem g:?, Torga 35 >0:vx:0<|x—al<s, [f(x)— Al<

f(x)<A—%:%<0

[Tomyuaem, 4to 11 J1I000r0 * U3 epeceueHus MPOKOJIOTHIX OKPECTHOCTEN

A
> OTKyna

U(a)u U, (a) 0IHOBPEMEHHO BBITIOJIHSIOTCS HepaBeHcTRa f (x) >0 u f(x) < 0. Tem
CaMbIM MbI TIPUIILUIA K IPOTUBOpeunio. Teopema noka3ana.

Teopema 13.6. Ecau ona oeyx ¢ynxyuii f.(X) u f,(X), umerowux

npeoenwl, coomeemcmeenno, A u A,, 6 HeKOMOPOU NPOKOIOMOIN OKpecCmHOCHmU

U(a) 6vinonnsemcsa Hepasencmeo f,(x)< f,(X), mo 4 < A4,.
JHoka3arteabcTBo. O6o3naunm @(X) = f,(X) — f,(x) . IIpu sTrom
vx eU (@) p(x) >0 limp(x) = lim f,(x)—lim f,(x) = A, - A . ITo Teopeme 13.5 nmeem

A,—A >0, T1.e. A, > A . Teopema nokasana.
3ameuyanus:
o 9T JBE TEOPEMBI O3HAYAIOT, UTO IIPU MNEPEXOE K MPENENy COXPAHAETCS
HECTPOTO€ HEPABEHCTBO;
o CTPOro€ HEPaBEHCTBO MEXAY (PYHKIMSIMU MOMKET He COXPAHNUTHCH IJIA

npe/esoB.
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Hanpumep, misa pyuxumii f (x) =0, f,(x)=x* B moboi U(0) BblmoNHsETCS
nepasenctBo 0< X, t.e. f (x)< f,(x). Onnako, lim f,(x) =lim f,(x) =0

Teopema 13.7. (Teopema 0 “3a:xaToii” nmepeMeHHOM).

Ecnu vx eU(a) evinonnaemcsa nepasencmeo f,(x) < f(x) < f,(x), u ecau
!(I_rjg1 f,(X)= !(I_rjg1 f,(X)=A, mo !(I_rjg1 f(x)=A.
Joka3zarenbcTBo. U1 1OKa3aTeIbCTBA JaHHON TEOPEMBI JOKAXKEM JIeMMY

Jlemma 13.4. Eciu vx eU(a) evinonnsemcs nepagencmeo

0<p(X) <P(X), u ecru IXi_rQqﬁ(X) =0, mou IXI_rQ o(x)=0.

Joka3ateqabcTBO. TpebyeTcs AoKa3aTh, 4To:

Ve >035>0Vx:0<[x-a|<d ‘(D(X)‘<g. Nmeetcst: Ve > 035, >0Vx:0<|x—a| <3,
p(x)| <&

BriGepeM 0 Takum, 4TO Us (a) c U (@), @ TaKKe yIOBJIETBOPAIOLIAM
HEPABEHCTBY O < O, U3 KOTOPOT'O CIELYET, UTO Us (a) = U, (a).Torna
vx eU (@) p(x) >0 Vxe U (@) 0<p(X) < ¢(X) < &, 4TO O3HAYAECT, YTO !(I_rg(p(x) =0.

JlemMma nmoka3zana.

[lepeitnem k AOKa3aTeIbCTBY TEOPEMBI U 0003HAUUM
@(x) =T ()= f (X),9(x) = f,(x) = T (X). [Ipu 5TOM @(X),$(X) ynoBnETBOPSIIOT
YCIOBHSM JIEMMBI.
Hanee, lim@(x) = A— A=0 u, o nemme, !(I_rg1 ¢(x) =0. Hakorerr,
f(x) =o(x)+ f,(xX) > Anpu X —>a (T.x. p(x) >0, f (X) > Anpu x > a).

Takum oOpa3om, TeopeMa JI0Ka3aHa.

X —a
JIOmoJIHHUTEIbLHBLIA MATEPHUAJI:

Teopema 13.8. (Kpurepnii Komm st pyvHKIMM).
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Ycnosue: ona 1106020 & >0 cywgecmeyem maxoe 6 = 5(c), umo 0na 1100v1x

Xo, X, u3 U (@) pasnocmo 3nauenuii pynxuyuu f(X) ¢ smux mouxax no

a0CcoIIOMHOIL 8eTUYUHE MEHbULe £ PABHOCUIBHO mOMmYy, Umo cyuiecmeyem

npeoen 3moi GyHKyuu npu X — a, m.e.

Ve >035(e) Xy, X, €U (@) | (X,) - f (%) <& < 3lim f(x).

Heo6xoamuMocTh (=)

ITycts cymectByer npezen lim f(x) = A. Toraa
Ve>035>0 vXeLJ(;(a) |f(x)—A|<§. Taxk xak x,,x, €U,(a), TO |f(x1)—A|<%,

[f(x0)— A< % . CnegoBaTenbHO,

£ (%)= F(x)| = |F (%) — A+ A= f(x1)|£|f(x0)—A|+|f(x1)—A|<%+%=g.

JIOCTaTOYHOCTS (<)

I[OK333TCJ1LCTBO AOCTATOYHOCTH 3HAYUTECJIBHO TPYAHEEC U €10 HE

00s13aTeJILHO pPaccra3biBaTh HA IK3aMCEHE.

OnHako 11t 3aMHTCPECOBAHHOI'O YUTATCIIA HUIKE MMPUBOAUTCA CXEMaA 3TOI'O JOKA3aTCJILCTBA.

CHavasa 1auM e ofHo OIpeAelieHue npeena GyHKnun mpu X—>a .

Omnpenenienne 13.5 (npenena pynkuuu f (X) npu X—>a mo leiine ). [oBopsT, 4T0 QyHKIMS

f (X) umeer mpi X—>a mpenest A, eciu 1s OGO MOCIEI0BATETBHOCTH {an}TaKOP“I, gyro [IM a,=du
n—oo

TaKo#, uto i Beex I BeImonHeHo HepaseHcTBo A, # A, mpenen lim f (an) =A.
N—o0

Teopema 13.9. Onpenenenue onpenenenne npeaeia no Komm, paBHocuiabHo onpeneaenno 13.5

npenenaa no Ieiine.

< [TycTs cHavyana ¢pyHkms umeer npenen no Komm. PaccMorpum npon3BonbHyIo

TI0C/IEI0BATEIBHOCTh {an} Takyo, uro 1M d, = A wu Taky:o, uto 1yis Becex I BBINOTHEHO HEPABEHCTBO

n—
a, # a. Ilo onpenenenuto npesena no Komn, V ¢ >0 36 >0 V xeU s(a) ‘ f(x) - A‘ <¢g .lo
onpeenenmio npeaena nocnexosaremsroctn, VO >0 N =N (5 ) vn>N \an - a\ < O . 3uaunr, npu

N> N ssmonmsercs yenosue an eU S (), u3 koToporo cpasy crenyer HepaBEHCTBO ‘ f (an ] — A‘ <¢&,

O3Hauaroulee, 4To lim f (an) = A, Tem cambim, nipezient aTol pyHKuMM 1o ['eifHe TakxKe CyIecTByer.
n—
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HpeI[HOJ'IO)KI/IM TEHEPb, YTO MPEALCI 11O Komu He CYIIECTBYCT U JOKAXKXEM, UTO HC CYHICCTBYCT U MPCACII 11O

Ieitne. I1o MPEANOIOXKEHUIO, CYIIECTBYET TaAKOE YUCIIO &> 0 y UTO IJIsA J000ro0 ymncia 5 > 0 CYHICCTBYCT TaKas

f (a*) - A‘ 2> & . TlocnenopaTenbHO BRIOMPAs B KAYECTBE O uncna 5n = % ,

* .
Touka & € U5 (@), uto

HAXOIUM TOYKHU an eU Y () rakue, uro | f (an) - A| 2 & . DT TOUKH MPEJICTABISIOT Co6oi
n

MOCICA0OBATCIIBHOCTD TOUYCK, YAOBJICTBOPAIONIYIO BCEM YCIIOBUAM, BXOJANIUM B OIPEACIICHNUEC Tpeaciia 1o FeﬁHe,

oaHAKo U1 5ToM mocnenoBatensHocti yenosue M (an) = A ne emonneno. »
n—o

JlokaxkeM Tenepb, uTo u3 ycnoBus (1) BeITekaer, uto GpyHKIUsS nMeeT npexaen no [ eiine.

JlelCTBUTENTBHO, BO3BMEM  JTIO0YIO MOCIIEN0BATELHOCTh {an}TaKyIO, aro 1IM d, = a u Takyo, uTo
n—o0

ans Beex N Bbimonneno HepaBenctBo A # A . PaccMOTpUM COOTBETCTBYIOINIYIO MOCTEI0BATENIBHOCTD
{ f (an )} . 3adpukcupyem € > Ou BBIOEPEM COOTBETCTBYIOLICE 0 >0 ¢ nomousto (1). Tak xax

Iiman =a,meem: VO >03 N = N(5) vn> N ‘an —a‘<5.ﬂanee,npn n,m> N

n—oo

am, an € U5 (2) u,mo yenowmio (1), ‘ f (an) —f (am)\ < & . 3naumnr, { f (an)} -(hbyHIaMeHTaIbHas

rmocenoBaTeNbHOCTh. [1o TEOPEME 12.3 CYHMICCTBYCT NPEACTT MOCICAOBATCIBHOCTH { f (an )} , 0003HAYNM €T0

limf(a,)=A.

n—co

Ocranock 10Ka3aTh, YTO €CIH B3SITh JHOOYIO APYTYIO MOCIEN0BATENLHOCTD {bn}TaKon, 41O !]!110 bn =a

U TaKy1o, uto Juis Bcex [ BBIMONIHEHO HEPABEHCTBO bn Zda, To !}!}n f (bn) =A.
00

J1715 5TOr0  paccMOTPUM TIOCTIEI0BATENLHOCTE bl, a,, b2 ooy Ay bn yres . DTO — OCIEIOBATENHHOCTD

TOYCK, CXOAAIIasACA K TOUKE d u He MNpUHHUMAKOIIas 3Ha4YCHUEC a , COIIACHO CBOEMY OIPEACICHUIO. HO3TOMy

TIOCIIEI0BATEBHOCTD 3HaueHmi (al), f (bl)’ f (az), f (bz)’ o f (an), f (bn)’ TaKkKe UMeeT HpeJiel,

10 JIOKa3aHHOMY BbIlIe. Toraa no TeopeMe 12.1 npeaen 3Toil mocienoBaTeIbHOCTH PaBeH Npeaeny

noAIOCICA0BATCIIBHOCTHU { f (bn )} " npeacily MoAnocCa€a0BaTCIbHOCTU { f (an )} , PaBHOMY A
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. sinx
bunem 14. Boiuucnenue Img A
X—> X

Omnpenenenue 14.1. Eciiu Ve >035 >0 VX ‘ f(x)— A‘ < €, TO TOBOPST, YTO

cymiecTByet npeden pynkuuu f (X) npu cmpemnenuu x k a cnpasa v

0003HAYAIOT TO TaK: x"g]O f (X) = A. Anamornuso, ecimm Ve >035 >0
—>a+

vx—0<x—a<0 ‘ f(x)— A‘ < €, TO TOBOPST, YTO CYIIECTBYET Hpeden
¢ynuxuuu f (X) npu cmpemnenuu x x a cieea v 0003Ha4YaIOT ITO TAK:

lim f(x)=A.

X—a—

Teopema 14.1. @yuxkuua f(x) umeem npu x — a npeoen,
pasHwvlit A, mo20a u moibKo mozoa, Ko20a OH umeem npeoesivl npu

cmpemilieHuUu X K a cnpaea u cjieea, npuiem 006a ymu npebeﬂa PAaeHbl
A.

Jloka3areabcTBo. Ecin !(I_rlg1 f(X)=A, 10 Ve >035>0 Vx0<|x—a|<§
‘f(X)—A‘<8. [Tockonbky u3 HepaBeHCTB 0 <X —a<d n — 0 < X—a<0cnenyer
HepaBeHCTBO 0<|x—a|<s, lim f(x)=Au lim f(x)=A.

x—a+0 x—a-0
O6parho, xﬂglo f (X) = A Toraa u TOJBKO TOTA, Koraa Ve >0 35>0
vx0<x—-a<3g,, ‘ f(x)— A‘ <g; XEQ]O f (X) = A Toraa u TOJIBKO TOT/Ia, KOTJAa
Ve>0 35, vx—3,<x-a<0, |[f(x)-A<e.

Ionoxum &=min(3,,3,) . Toraa ecim0<|x—a| <&, T0 1160

O<x—-a<d<9,,mbo -95,<-0<x-ax<0.
U B TOM, U B IpyroM ciiy4ae ‘f(X)—A‘<8,T.e. !(i_r)lgf(x):A.

3amMeuaHnue: pasymMeeTCA, 1JIA NPEACIOB CIipaBa U CJICBAa BCPHLI BCC

TEeOopeMBbl 00 apu(PMETHUECKUX CBOWCTBAX MPEJENa U O MPEAEIbHOM IEPEXOJIE B

HEPaBEHCTBAX.
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Teopema 14.2. (mepBbIH 3aMedyaTeJabHbIN Npexe)

. sinx
lim——=1.

x—0 X

3ameuanue: npu ookazamenbcmee 3MOU Mmeopembl Helb3s NPUMEHAMb HU NPAGUILO
Jlonumans,nu hopmyny Tetinopa, m.x. xoms 5mo u 0acm 8epHwvlil pe3yibmam, Ho Oyoem
ABAAMBCSL TOSUYECKOU OWUOKOU, NOMOMY, YMO NPU 8bIYUCTEHUU NPOU3BOOHOU (PYHKYUU STNX

sin X
ucnonvzyemcs 3Hadue noco, 4mo ||m —=1
x—0 X

sin x
Joxka3zarenbcTBo. PyHkuus —— detHas. [lootomy
X

sin x sin x

€CJIM 10Ka3aTh, YTO IIm ——=1,tou lim——=1,uno
x=>+0  y x>0y

. sin X
teopeme 14.1. Torna lim MX_1.B ONpeAeICHUN Ipeaena
X—> X

npu X — +0 MOXHO TOMOTHUTENHHO TpeOoBaTh BhIMoNHEeHNE ycnoBus 6 <0. B

oTpeieNIeHNH TpeOyeTcsl CylecTBOBaHNE XOTs Obl kKakoro-HuOyap & > 0. Ecan ke

. T
MbI Haligem 0< 0 < > TO, TEM CaMbIM, XOTs ObI Kakoe-HuOyb o >0 Oymer

. T
HaiineHo. Urak, 0< X < Py PaccMoOTpuM OKpYKHOCTH €AUHUYHOIO paauyca u

rowmaau TpeyroasHukoB OAC, OBC u cexropa OAC.

1. 1 1
Saoac = Es'n X, Sonc ==X, Sp0pc = Eth » Saonc < Soaccekr. < Srosc» OTKYZA
CeKm
. Vs X 1 sin X  cosX
sin X < x<tgx mpH 0 < X <—, 4TO PaBHOCHJIBHO1 < —— < 1> > .
2 SIn X  COSX X 1

., X . X . X
Jlanee, cosx =1—25|n25, a I SInE MBI TOJBKO UTO JIOKA3aJIu, YTO 0<S|n§<5.

X
Ilm — =0, moaromy o Teopeme 13.7 Ilm sin® = Owu, 3HaYwT,
x—>+0 2 2

IIm COSX = IIm 1-2sin? 5 X _1-0=1. Chosa npumeHsieMm Teopemy 13.7, oTKyna

Xx—>+0 X—>+0

sin X in x

Si
lim —— =1 wu, 3gauwur, lim—==1.
X—>+O X x>0 X
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Bunem 15. Ilpedesr moHOmMOHHOU 02DAHUYECHHOU (DYHKUUL.

Henpepovienocmo 31emenmapuvix (hyHKuuil

Ota nHopMaIys OTHOCUTCS KO BceM BorpocaM. Ee cienyer 3HaTh, HO HE ClieayeT

pacckas3piBaTh IMEHHO B 15 Omitere. Huke mpuBoasTCs onpeneneHusi 06CKOHEYHBIX MPEIeOB.

X—a

lim f(x)=+0 <VM 35 >0Vx: O0<|x—a/<s f(x)>M

lim f(x)=—-00 < VN 35 >0Vx: 0<|x—a/<5 f(x)<N

X—a

limf(x)=0 <VN3IS>0Vx: O<[x—a|<5 [f(x]>M

X—a

lim f(x)=+0<VM 3IN ¥x<N f(x)>M

X—>—0w0

lim f(x)=—0 < VN3IS>0Vx:-8<x-a<0 f(x)<M

x—a—0

Onpenenenue 15.1. Qyuxyus f(X), onpedenennas na npomesicymre

X c R uasvisaemcs: neyowviearowei (eo3pacmarowieir) Ha X, eciu 071 6cex

X,, X, € X U3 HEPABEHCMBA X, < X, Clledyem HepaseHCmEo

f(x,) < f(x,) (f(x) < f(x,)). Ona nazvieaemcs neeozpacmarouieii (yoviearouieii)
Ha X, ecnu uz X, < X, cnedyem f(x)= f(x,) (f(x,)> f(x,)) . Obwee nassanue ona

IMUX Cyyaes — MOHomoHnHwle Ha X pyHKyuu.

Teopema 15.1. (K. Beitepuirpacc)

1. Ecnu f(x)He yovieaem na (a,b) u ocpanuuena ceepxy na (a,b),
mo cyuwiecmeyem Xﬂmo f(x).
2. Ecnu f(x)Hne yovieaem na (a,b) u ocpanuuena cnuzy na (a,b),

mo cyuwiecmeyem Xﬂ)ren . f(x).
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3. Ecnu f(x)He éo3pacmaem na (a,b) u ocpanuuena ceepxy, mo

cyuwiecmeyem Xﬂ)rén . f(x).

4.  Ecau f(x)He eo3pacmaem na (a,b) u ocpanuuena cnuzy, mo
cyuwiecmeyem XErg]of(x).

JokazareabcTBO. OHO BOJHE aHANOrM4YHO Teopeme 9.4. /[ moaHOThI
M3JI0KEHUS JIOKaXEM, HarpuMep, ciydai 2. [IockonbKy MHOXKECTBO 3HAUCHUI,

npuauMaeMbix f (X) Ha maTepBane (a,b) orpaHuyYeHO CHU3Y, CYIIECTBYET
[ =A. = lim f(x).IIycts €>0. ITo om HU
) elpib) f {x}=A. Jloxaxem, uto A Jim (). Iycrs &> 0. Ilo onpenenennio
TOYHON HUKHEH I'paHu MHOXKECTBA, UUCIO A+ € yXKe He SBISETCS HUKHEN
rpaHbi0 MHOXecTBa 3HaueHuit f (X)Ha (a,b), mosromy cymecTByer Takoe uncio
¢, uro A< f(c) < A+ ¢. Ho Torma as Bcex a < X < CUMeeM
A<f(x)<f(c)<A+e, oTkyna ‘f (x) — A‘ < ¢. 3HauuT, 11 Bcsikoro € >0
HalIeHOo Yucio O (paBHOE YUCITY C — @), TaKOe, YTO JUISl BCEX X TAKHX, YTO
a< Xx<a+o(=C), BHIOIHACTCS HEPABEHCTBO ‘ f(x)— A‘ <eg, T.€. Xﬂ)glo f(x)=4.
CaencrBue. Eciu f (X) - MmoHoTOHHas Ha (@,b) dyHKIM, TO 11 TF00OTO
X, € (a,b) cymecTBytot xﬂmo f(X)u xﬂm—o f(x).
JlokazaTeJbcTBO. J[0OCTaTOUHO NPUMEHUTH Teopemy 15.1 k uHTEpBazam
(a,%;) 1 (X,,0).

HenpepbIBHOCTD DJeMEHTAPHBIX (hVHKIMH

HenpepbIBHOCTHL MHOTOYJIEHOB.

Tak kak GyHKUUMS y = X HENPEPbIBHA B JIIOOON TOUKE, 110 TEOPEME O
HENPEPHIBHOCTH MPOU3BEICHAS HEPEPBIBHBIX (QYHKIHI, GYHKIHS Y = x° —
HenpepeiBHas. [locmenoBaTenbHO MPUMEHSIS BBILIEYTIOMSHYTYIO TEOPEMY,
TIOJTy4aeM, 4To I IF0OOro HATYPaTbHOro M GyHKIUsS y = X' — HENpPEpPHIBHA.
YMHOKasi HerpephiBHbIEe GYHKIMH € = X, X5, X, ..., x* Ha MOCTOSIHHBIE YHCIA Cy,

2 k
C2, ..., Ck COOTBETCTBEHHO, MOJIy4aeM, 4To C1X, CoX, ..., CkX' — HEMPEPHIBHBIC
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k
¢bynkunu. Crnoxus Cp+ C1X + ... + CX' ModyyaeM HenmpepbiBHYIO pyHKiuio. MTak,
MHOTOWJIEH — HENPEphIBHAsL HA BCEW MPSAMOUN (QyHKLHUS.

HenpepbIBHOCTL PAIMOHAJLHOM PYHKIINMN.

[To onpenenenuto, pauuonanvhou ynkyuei R(X) Ha3pIBa€TCS OTHOIICHUE

P
Q)

Bo Bcex Tex Toukax Xo, rae Q(X) # 0, pynkius R(X) HenpepbiBHA 110

AByx MHOrowieHos, P(X) u Q(X), T. e. R(X) =

TEOpEeME O HEMPEPHIBHOCTH YaCTHOTO. Eciin e B TOuke X BBINOJHAETCA
paBeHcTBO Q(Xg) = 0, TO B 3TOW TOYKE MOXKET OBITh YCTPAHUMBIH Pa3pbIB, KaK

(x—1)x? +3x +4]
(x-1)2 +x+5)

TOYKE MOXET 0Ka3aThCsl pa3pblB BTOPOTO poJia, KakK, HAIPUMED, B TOUKE Xo =0y

HaImpumep, B ToUke Xo = 1 y pyHKIuu R(x) = Kpome Toro, B 3TOM

2
bynkiu R(x) = X rx+l

JIns nanpHEHIero ucciie1oBaHus OyIeT MOoJe3HOU clieytonas TeopemMa.

Teopema 15.3. Ilycms Y = f(X) 603pacmaem (unu yovieaem) na

npomexcymke X, npuuém MHOMCeCmeo eé 3Hauenuil oopazyem

npomedxcymok Y. Tozoa f(X) — nenpepovienas na X ¢pynxuus.
JIng moka3zarebCTBAa BCIIOMHUM, 4YTO €ciii f (X) CTpOro MOHOTOHHA Ha
npoMexyTKe X, TO, COTJIACHO CIIEJCTBUIO Teopembl 15.1, B 000 BHyTpeHHEH

TOUKE X 9TOr0 MPOMEXKYTKa CYIeCTBYIOT lim f (x)u lim f(x). Eciu 5T uncna
X—>Xo—

X=Xy +0
paBHBI IPYT IpyTy, TO OHHU, BBULY MOHOTOHHOCTH, paBHbI f(X,)u f(x)eC(X,).

Ecnu ke 3TH 3HaueHus: He paBHBI APYT APYTY, TO BO MHOKECTBE 3HAaUEHUH Y

¢dynkuuu f(X) umeercs “mpoben” MexIy TOUYKaMH lim f (x)u lim f (x), omaTh *Ke
X—>Xg—

X—>Xg+
BBUYy MOHOTOHHOCTH f(X). HO, 10 yCcrmoBuUI0, MHOXKECTBO 3HaUeHUH Y 00pasyer
MIPOMEKYTOK, B KOTOPOM HE MOKET OBITh “NPOOEIOB” MO ONpeaeACHUIO

poMexXyTKa. Teopema qoKas3aHa.
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s
§ lim ()
X—>Xo+0
[F= =, __T-r
|
]
lim )

-  X->X,-0 ‘o

W =

HenpepbIBHOCTL NOKA3ATEJILHOU (DVHKIIMH.

®ynkius y=a* MOHOTOHHA (Bo3pacTaeT npu a>1, yosiBaeT npu 0<a<l) u
MHO>XECTBOM €€ 3HAUEHHM MpHU X € R sABIsAECTCA OECKOHEUHBINA MPOMEXKYTOK —
MHO>KECTBO BCEX MOJIOKHUTENbHBIX uncen. [1o nokazanHoi Teopeme, PyHKIUSA

y = @ HeIpepbIBHA HA BCEU YUCIIOBOM OCH.

HenpepbIBHOCTE Jorapupmunueckoid GVHKIINHA.

®ynknmst 109X MoHOTOHHA (BO3pacTtaeT npu a@>1, yosiBaet npu 0<a<l) u

npu X € (0,+0) ee MHOXKECTB 3HaueHul ecTh R . [lo mokazanHo# Teopeme, Y=10g.X
HenpepbiBHA Ha (0,+00).

HenpepbiBHOCTHL GyHKIMM Y=X"

Oyukuus y=x" onpeneiena mpu x>0, mpruem X = e "

. Ilo nokazannomy, z
= u In X - HenpeprBHas GyHkms npu X>0, GyHKIMA Y = €° HenpepbIBHA IPH BCEX
Z, TOTOMY, TI0 TEOPEME O HEMPEPHIBHOCTH CIOKHON (yHKInM, Y = X! -
HeIpepbIBHAA NMPU X > 0 QPYHKIUS.

Dy y = sin X.

. sinx T
[Ipu BBIUKCHEHUM TIpEAETa Img ~——= OBLJIO YCTAHOBJICHO, YTO €clin 0 < X < o
X—> X
. o . T
T0 0<sinx < x. BBuny HedyeTHOCTH QYHKIIUN y =X U Yy =Ssin X, OpH _E< x<0

. T
—x<—sinx<0. 13 sToro cpasy ciemyer, uto npH 0 < |x| < 7 BhIIOMHSETCS

HepaBeHCTBO [sin X < |x|. ITycTh Xo mponsBoIbHas TouKa. JIokaxeM, 4To

lim(sin x) = sin x,. 9TO paBHOCWJIBHO TOMY, 4TO lim(sin x—sin x,) =0. B cBorO
x—0 x—0



70

. X=Xy X+X,
ouepenb, OTO PaBHOCHIBHO TOMY, UTO I|rr(1J (2sin > cos )=0. Tax kak, 1o
X—>

JI0KA3aHHOMY BBILIIE, [sin X°|<|X_XOI lim (sin >
’ 2 || 2 | o 2

X°) =0. Kpome Toro, QpyHKIus

X+ X,

2cos( ), O4EBUJIHO, orpaHnueHHas. [1o cBoiicTBaM OECKOHEUHO MaJbIX,

noysyyaeM Tpedyemoe.

DyHKIHA YV = COS X.

Ona HenpepbIBHA IO TEOPEME O HENIPEPHIBHOCTHU CIOKHON (QYHKLUHU, TaK
. T T — o1
KaK y =C0SX =8in| —~X|, 2= ~X — HEMPEPLIBHAs byHKUUA U Y= SIN Z — TOXKE

HernpepbIBHAs (PYHKITHUS.

dOyvuknua y = tg X.

T
Ota QyHKIIMS HEMpEepbIBHA BO BCEX TOUKAX, KpoMe X = —+ 7Kk, k € z. B aTux,
2

MOCJIETHNUX, OHA UMEET pa3pbiB BTOPOTO poJa.

dyukuuga y = ctg X.

OHa HENpepbIBHA BO BCEX TOUKAX, KPOME TOUYEK X = TN, NE€Z, IIe OHA UMEET
pa3pbIB BTOPOTO poja.

HenpepbIBHOCTH (DYHKIMM Y = arcSinx.

Omna omnpeernieHa Ha otpeske [-1, 1],
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. . o T T
BO3pacTaeT Ha HEM U MHOKECTBOM €€ 3HAUEHUH SIBIIETCS OTPE3OK [_E’E ]. o

noka3aHHOU Teopeme 14.1, y = arcsin X HenpepbiBHa Ha [-1, 1].

HenpepbIBHOCTL DVHKIIMH YV = arCcCOS X.

Cnenyet U3 TOXIeCTBA arcsin x + arccos x = , T.€. afCCOS X = - arcsin x

N
N

- (yHKIHSA, TaKKe HenpepbiBHas Ha [-1, 1].

HenpepbuiBHOCTL HDVHKIMH YV = arctg X.

A
Y

.
/ X

QyHKIMSA OlpeesieHa U BO3pacTacT Ha

o o o o T
BCEH YMCIOBOU MPsIMON. MHOKECTBO 3HAUYEHUI — MHTEPBAII (—E,E ). Illoatomy Y

= arctg X HempepbIBHA HA BCEU YUCIOBOU MPSAMOM.

HenpepbuIiBHOCTL GVHKIMH YV = arcctg X.

Cnenyer u3 paBeHcTBa : arctg x + arcctg x =

N

Onpepenenue 15.2. Ecnu QyHKIMS HE SBISETCS HENPEPHIBHOM B TOUKE X, ,

TO TOBOPSIT, YTO OHA PA3PbIEHA B DTON TOUKE.

[Tpu aTOM TIpeanonaraeM, 4To X, SABJISIETCS TOUYKOM U3 001acTH
onpenenenus!

Touku pa3peiBa AeATCA HA CIEAYIOIINE KIIACChI.

Omnpenenenue 15.3. Toukoii ycmpanumozo pa3pyléa Ha3biBacTCs TaKkas

TOYKa X,, 4TO cymectByeT lim f(x)=A, Ho f(X,) # A. IIpu 5TOM MOXKHO
X=Xg

nepeonpeAeauTb PYHKIUIO TakK, YTOOBI MOTYYUIACh HENPephIBHAS ()YHKIIMS.
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X, ecmu X # 0,

Hanpuwmep, [Iycts f(X) = {1 0
, ecn X = 0.

[Mepeonpenenum GpyHKIUIO B Touke X =0, mooxkuB f*(x) =x=0.

[Monyuwnacek HenpepsiBHast pyukmus {7 (X) = X.

Onpepnenenue 15.4. Toukoit pazpviea nepeozo poda Ha3bIBAETCS TOUKA X, , B

KOTOpPOH CYLIECTBYIOT Iim0 f(x)=A u Iirrl0 f(x)=A,, npuueM A #A,.

Lecmmx>0
Hanpumep, pynkuus sign(x) =< 0,ecmu x =0 o0sagaeT pa3pbiBoM B Touke 0

-1,ecmu x <0
IIEPBOTrO poAa.
3ameuanme: 1o cnencTBuro TeopeMsl 15.1 MOHOTOHHAsA B OKPECTHOCTH

U (x,) Touku x, pynkius f(x) umeer Iimof(x) u Iirrlof(x). [ToaTOoMy oHa 6O

HEIpepbIBHA B TOUKE &, Korja 00a 3T npejera paBHbl APYT IpYry, T100 UMEET B
HEel pa3pbIB EPBOT0O POJA, KOI/Ia 3TU NPEebl pa3inyHbIe.

Omnpenenenue 15.5. Ecnu xo1s Obl OMH U3 MPEIETOB Iim0 f(x),
X—>Xo+

Iim0 f (X) He CyIeCcTBYeT, Ui OECKOHEUEH, TO TOBOPSIT, UTO X,— MOUKA PA3Pbléd

X—>Xg—

6mopozo pooa.

OTaenbHO pacCMOTpPUM cityuaid, koraa lim f(x) = A, HO mpu 3TOM 3HA4YEHUE
X—=Xg

f(x,) He ompeneneHo. B TakoM ciiyyae roBOPSAT, YO MOHCHO O0OnpeodeIuns

¢ynkuuro 6 mouxe x, 00 HenpepvIGHOIL.

in x
Hanpumep, nycts f(x) = MX Sra byHKMs He ompezeneHa B Touke X =0,
X

HO e€ npenen npu X — 0 cymectByet u paBeH 1( Teopema 14.2).IToaToMy MOKHO
noonpenenuts pyHkiuio f(X), paccMoTpeB GyHKIHIO
sin x
f"(x)=+ x
1, npu x =0.

pu X # 0,



I[To onpenenenuto, pynkuus f*(x) —HempepoiBHA B 0.
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= . oat-1
Buaem 16. Cumeonnt o 0. Buvtuucnenue lim In(1+ X), lim——,

x—0 X x—0 X

no_
lim L+x)" -1

x—0 X
IIycte f(x), g(x) ompenenensl B U(a).

Omnpeneaenune 16.1. f(x) =3(g(x)) , X —>a, €CJIM CYIecTByeT a(x), a(x) — 0.

M. IIpA X — a Takas, 410 f(x)=a(x)-g(x).

Onpenenenune 16.2. f(x) = g(g(x)), X — a, €CJIM CylIeCTByeT B(X), —

orpanndennas B U(a), Takas, uto f(x) = B(x)-g(x).
1) xZ:S(x)an X—>0,T.K x*=x-x,a Xx—0; HO

2

= 1
2) X =0(x*), IpU X =00, T.K. X=X>-=, U ——> 0MPH X — 0.
X

1
X
Boobmie, ecmu m>n u x -0, To X" =3(x”) U €CIIU M<N H X —>00 TO
X" = S(X”) :
N3 cBOiicTB 0ECKOHEYHO MablX BEJIMUMH CIEAYIOT TaKHE CBOMCTBA

CHMBOJIOB 0, O

Teopema 16.1. Ecau f,(x) =0(g(x)), f,(x)=0(g(x)), T0

f,00+ 1,00 =0((g(0)),
f.(x)- f,(x) —0 (9%(x)) ; BCE COOTHOIIICHHS BBITUCAHBI TIPH X —> 4.

Hoxa3areabcTBo. [eictBurensHo, f (X)=a,(X)-g(x)), f,(X)=a,(X)-9(X)),a,(X)u a,
m () + f,(0 =, (0 +a,() - 9(x), a f,00- f,(X) = {, (%) 2, (0 }- g°(X) . B duryprmix
CKOOKax CTOAT OECKOHEYHO MaJjible MPU X —> a.

Teopema 16.2. o(o(g(x))) = o(g(x)), T.¢. eciu f(x) = 0(a(g(x))), TO

f(x)=0(g(x)) MpH x —>a.
JlokazaTeabcTBO. JIeHCTBUTENBHO, ecln f (X) = 3((o(x)) ,a o(x)= S(g(x)) , T.

e. T(X)=a,(X)-p(x), p(x)=a,(x)-g(x), TAea,(X), a,(X) —06. M. pu x - a, TO
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f(X) =0, (X) o, (X)-g(x) =a(x)-9(x), rae a(x) — 6. M. IpU X — a, 4YTO U O3HAYAET
CIIPaBEIJIUBOCTh JIOKAa3bIBAEMOI'0 paBeHCTBA . J{Jis O0JIbIlel ICHOCTH TOBTOPUM,

YTO PaBEHCTBO CJIEAYET HOHUMATH TakK: eciu f(X) = S(S(Q(X))) , To f(X)= 3(g(x))

Ipu X —>a.

Teopema 16.3. 0(o(g(x)) = 0(g(x)), 0(Q(g(x))) =0(g(x)), x —>a.

Jloka3zaTejibCcTBO. DTH CBOMCTBA Cpa3y CIEAYIOT U3 TOTO, YTO
Mpou3BeAeHNE OECKOHEUHO Mol BETMYMHBI HA OTPAaHUYEHHYIO €CTh OEKOHEYHO

MaJiasd BCIIMYHHA.

CuMBOJIBI 0, O yHOOGHBI IPU BBIYHUCIICHUN TIPE/IEIIOB.

X_ Ho_
In(1+x)’"ma l’"m(l+x) 1

X x—0 X x—0 X

IlepeiinéM K BHIYHCICHHUIO TIPeIesoB |im
x—0

KOTOPLIC OaJICC 6YIIYT HCIIOJIB30BAHEI ITPU BEIYUCICHUHN IIPOU3BOJHBIX. BHoBb

MTOJYEPKHEM, YTO MPH OTBETE HA ITOT OWMJICT MPU UX BBIYUCICHUN HEIh3s MOJIh30BATHCS MpaBuWiIaMu Jlomurast win
¢dopmyoii Tettopa. Pasymeercs, OHU JalyT BEPHBIA OTBET, HO UX MPUMEHEHHE TPEOYeT 3HAHUS MPOU3BOIHBIX
(YHKIUH, CTOAIIMX B YUCITUTESAX ITHX IPOOCH. A JUIS BEIYUCICHUS 3TUX MPOU3BOJHBIX, KAK OTMEYEHO BHIIIIE,

TpeOyeTcs 3HATh ATH caMble Mpeebl. [103TOMY MOTYIHTCS HE JOKA3aTeNILCTBO, a IIOPOYHBIHN JIOTHYSCKUI KPYT.

JIiist CTpOroro U3JI0KEHUsT MaTepuaia norpedyercs TeopeMa o mpeselie

CJIOHOM (PYHKIUU.

Teopema 16.4. Ilycrs f (x) onpezenena B MPOKOJIOTON OKPECTHOCTH

TOYKH &, lim f(x) =b. [IycTh g(y) ompejeiieHa B IPOKOJIOTOH OKPECTHOCTH TOUKH D
u limg(y)=c.
y—b

HYCTB, KpOMEC TOI'0, BBIMTOJIHACTCA XOTS OBl OIHO M3 IBYX YCJIOBPII)’II

1. g(y) HempephIBHA B TOUKE Y, ;
2. CyiiecTByeT Takas U(a), 910 ¥V xeU (a) f(x)=b.
Torga cymectByet lim g(f(x)) 1 3TOT Ipeies paBeH C.

I[OK333TCJ'ILCTBO IMMOXO0JKEC Ha N0KA3aTCIbCTBO TCOPEMBI O HCIIPEPBLIBHOCTH

CJI0’KHOM (DYHKITUU, HO HECKOJIBKO CJIOKHEE.
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To, uto Iylgg g(y) = co3Hayaer, 4To
Ve>0 3In>0 Vy:0<|y-bj<n |g(y)-c<e.
To, uto Ixiﬂl f (x) =b o3Hayaer, 4TO
vn>0 35>0 Vx:0<[x—a <5 |f(x)-bl<n.

Ecnu notpeboBath, 4TOOBI B HEKOTOPOU MPOKOIOTOMN U (2) OKPECTHOCTH
Touku & f(x)#b, TO TOrHa MOXHO MO MPOU3BOJIBHOMY & >0 HAaWTH CHayaja

ancio n >0 Takoe, 4To eciu 0<|y—b| <7, To |g(y)-c/<e. Teneps mo 3ToMy 7

HaXOMUM & >0 TaK, uToObI M3 0<|x—a|<§ cnenoBaio HepaBeHCTBO |f(x)—bl<7.

ITepecexkaeM MPOKOJIOTBIE OKPECTHOCTUY (@) U U 5 () . DTO mepeceyeHue
COJZIEPKUT HEKOTOPYIO IIPOKOJIOTYIO OKPECTHOCTD TOYKH a, U, €CIIU X IPUHATIICKUAT

3T0i1 oKpecTHOCTH, TO f(X)=b 1 |f(X)-bl<7n, T.e. 0<|f(X)-bl<n, cnenoBarensHo,
‘g (f(x))— C‘ < €. B arom cinydae Teopema fokazana. Ecmm xe g(y) e C(b), TO
Ve>0 3In>0 Vy:ly-b<n |g(y)-c/<e, no3TOMY BBIOHpAsi IO & >0

COOTBETCTBYIOLIEE 7 >0, a HOTOM II0 OTOMY 17 — COOTBETCTBYIOILIEE YHUCIIO & >0

MOJIy4YaeM, 4TO KakK TOJBKO 0<|x—a|<d, TaK |f (x)—-b|<n u, 3Haywnr,
yd n

lg(f(x))-c<e.

Ipumeuanne 1. OGLIYHO IPU BLIYMCIEHUH PEAEIOB HA IPAKTHIECKUX
3aHATUSAX MbI UCIIOJIB3YEM MOHOTOHHBIE 3aMEHBI IIEPEMEHHON U YCIOBUE 2
BoInoNnHsAeTcs. [lepBoe ycaoBue OyaeT UCIIOIb30BAHO HUKE, IPU BEIYUCIEHUH

MMpeaACIOB U3 HA3BAHHA 6I/IJIeTa.
[pumeuanne 2: Eciiu He BBINIOIHICTCS HU OJHO M3 YCIOBUH, TO MOXKET OKa3aThCs, YTO TIPEAeT

lim g ( f (X)) He cymecrsyer, 160 CyIIeCTBYET, HO HE PaBEH C.
X—a

IIepBas cuTyaluu BCTpEYaeTcst B TAKOM IIpUMEpE:

P P

1/q, ecnmu X =—, rme —— HeCOKpaTumasi 1poob,
f(x)= q

0, ecnu X - UppaIMOHAIHLHOE YUCIIO;
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1, ecmuy #0,
9(y) = {0, ecn y = 0.

IIpu crpemnennu X k 0 pynkuus T (X) nmeer npenenom uucio 0. [pu crpemsennn y K 0

Gynkuus g(y) umeer npenen, paBHbIi 1.

1, ecnu X - palMoOHaIbHOE YUCIO,

Omnaxo pysxmms ¢ (T (X)) = HE UMeeT
0, eciiu X — uUppalMoOHAIIBHOE YUCIIO,

npenena mpu X — 0.

1, ecimx #0,
Tpumep BTOPOi cutyamuu Gonee mpocroii. ITycrs | (X) = OueBusHO,
0, ectmx =0

_ 1, ecmuy #0, )
lim f(x)=0. Iycts g(y) = . Torma limg(y) =1. Oanaxo
x>0 0, ecmuy =0. y—0

g(0)=0, ecim x %0,

g(f (X)) :{ g(l) ~1 ecnx =0, ITosTomy le_rp) g(f(x))=0.

Teopema 16.5. lim "2 *X) =1 im & ~I=jna, jim 0" 1=

x—0 X x—>0 X x—0 X

Jloka3zareabCcTBO.

1
1. B reopeme 10.2 oTmedeHo, 4TO lim(1+x)* =e. PaccmoTtpum sieByro 4acTthb
X—>

1
. ; =In(1+x)
ATOTO PaBEHCTBA U MIpeoldpazyem e€ Tak: I|rrg e . ITo HenpeprIBHOCTH
X—>

lim= In(1+x)

NoKa3arenbHON QyHKUHUU U TeopeMe 16.4 myHKT 1 monydyaem: e =e,T.€.
In(1+ x
x—0 X

X

. e" -1 v
2. Jlanee paccMOTpUM Tpeaes I|rr(1J U cleJIaéM B HEM 3aMEHY
X—>

nepeMeHHon X =In(1+t) (3TO — MOHOTOHHAS 3aMEHa U TeopemMa O Mpejelie

cinoxkHoi pyukiuu Oyaet BepHa). [Ipu x -0 u t— 0, 1 Ha0O6OpOT, TIpu t — 0

TaKXke X —0.

In(1+t) _1 ) 1 _1
IToaTomy lim © =1 *t

———=1im =Ilim =1, 1m0 JOKa3aHHOMY BHIIIIE.
=0 In(1+t) 0 In(l+t) 0 In(1+1)
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_a¥-1 e o1 (@™ -Dlna
Jlotst lim uMmeem lim =lim =Ina
x>0 X x—0 X x—0 xIna
. (1+x)* -1
3. PaccMoTpum ImgL. O6o3HauuM (1+Xx)* -1=y, T. €.
X—> X

@+x)*=y+1. Torma In(L+ x)* =In(y +1), uIn(l+x)=In(y+1) u mpux —0
1Y

nepemMeHHast y — 0, 1 HA000poT, MpH y — 0 mepeMeHHasi x — 0.

. . In(1+
Ham nmpenen nmpumert Bug lim Y~ lim X-M. Ot10 mpeoOpazoBaHUE 3aKOHHOE,
xy=>0 X xy=0x In(1+y)

T. K. ipu Xx#0 U y =0, moaToMy In(y +1) = 0. /lanee ucnosib3yem J0Ka3aHHOE B
MEPBOM IMYHKTE PaBEHCTBO. TakuM 00pa3oM, UCKOMBIN Mpeiesl paBeH

fim AN+ X) Y
X0 X y-0In(1+ y)

3anumieM HalieHHBIE TIPEAEIbHBIE COOTHOIIEHHUS C HOMOLIBI0 CHMBOIA O .

Iinngl O3HAYaEeT, 4To M:H a(x), a(x) >0 opu x - 0 nim,
X—> X X

In(1+x):x+a(x)-x:x+3(x), Xx—0.

X

=Ina o3Hauvaer, uto a* =1+ xIna+o0(x), x—>0 .

. a
PasenctBo lim

x—0 X
Amnanoruyno, (1+ x)* =1+ ux +3(x) , Xx—>0.

. sin . =
(Kcratn, Img— =1 O3Ha4aer, 4To Sin X = X+0(X) mpu X — 0).
X—> X
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bunem 11. IIpomesricymounvie 3HAUCHUS HENPEPBbIBHOU HA OMPE3Ke

42 VHKUUU.

Onpenenenne 17.1. ITycts ¢pyuxuus Y = f (X) onpenenena Ha HeKOTOPOM MHOMKECTBE

X c R . Ecin ona HCIIPCPLIBHA B Ka)KZ[OfI TOYKEC 3TOTO MHOXXECTBA, TO TOBOPAT, YTO OHA

nenpepuviena na munoxcecmee X C R Muwivmu cnosavm, pyuxnus Y = (X) nenpepsiena Ha

muoxectse X C R | ecnn ansa mo6oro uncna & >0 u moboro a € X cymectsyer Takoe

grcno O >0, uro a1s Becex X € X |, yloBIETBOPSIONIUX HEPABEHCTBY

‘X - a\ < O BBITIOJIHSETCS HEPABEHCTBO ‘ f (X) — f (a)\ <g.

Teopema 1/.1 (boabiano, Komm).

[TycTte hyHkuua y = f (x) HenpepbIBHA HAa OTpe3Ke [a,b] u
MIPUHUMAET HA €r0 KOHIIAX 3HAYCHUS Pa3HbIX 3HAKOB. Toraa
CYIIIECTBYET XOTs Obl OJJHA TOYKa C € (a,b) Takas, uro f(c)=0.

Iycts, mis onpenenéunocrn, f(a) <0, f(b)>0. O6osnaunm &, =a,b, =b un

PacCMOTPHM TOUKY (a, + bl% = C, . Ecim okasanocs, uro f (C,) =0, To Teopema BepHa npu

C=¢,. Ecrmxe f(C)#0,rom6o f(C)>0 u Borom cnywae momoxum a, =a,,b, =c,
mbo f(C) <0 u Borom cnysae nonoxum a, =C;,b, =b, . B 06oux cnyuasx nonyyen
otpesok [8,,D,], muHa koToporo pasua nonosuse mMHE oTpeska [@,,0,] u Ha konmax

xotoporo ¢pynxius Y = T (X) npuaumaer 3sHaueHns pasHbIX 3HAKOB.

PazieM 5TOT OTPE30K MOTIONAaM TOUKO# (a, + bz% =C,. Ecm f(C,)=0, 10

Teopema BepHa npu C = C, . Ecnm ke f(C,) #0, to mu6o f(C,) >0 u B s10oM Crryuae
nonoxum 8, = a,,b, =C,, mbo f(C,) <0 u B sTOM C1yHae nonoxum a, =C,,b, =b,.
CHoBa 060HX CIIy4asx MOJTy4eH 0Tpe3ok [8,,0;], mmna kotoporo pasna nonoune mmusI

OTpe3Ka [a2 ,bz] 1 Ha koHIax kotoporo pyukuus Y = f (X) npuaumaer 3nauenus pasHbx

3HaKOB.

[Ipoomxum mpouecc AeneHus: OTpe3KoB nomnosaM. [Ipu 3ToM BO3HUKAIOT /iBE

BO3MOKHOCTH. JIN6O HA KAKOM- TO IIAre MOJy4aeM, Juls @, + b”% =c,,u f(c,)=0.

Torna Teopema cripaBeymBa. JIn6o a1t Bcex N BBIOJIHSIOTCS HEPABEHCTBA



f(a,) <0, f(b,)>0. Torna nonyuaercst 6eckoHeUHas CHCTEMA CTATHBAIOIIMXCS OTPE3KOB.

JIeliCTBUTENBHO, 10 MTOCTPOEHUIO KAXK/IBIM CIEAYIOIINN OTPE30K BIIOKEH B MPEIBIAYILIHIMA, a
X (b-a)
mmna otpeska [a,b ], pasnas on > CTPEMHTCA K HYJIIO IIpH N — 0. DTH OTpe3KH

MMeEIOT OOIIYI0 TOUKY, KOTOpYIo OyzieM o603HauaTs C . Jlokaxewm, uto f (C)=0.

JleficTBUTENBHO, ¢ 0HOM cTopoHs, C = lim a, , M03TOMY, 10 TEOPEME O MPEIETHHOM
n—oo

N

nepexojie B HepaBeHcTsax, | (C) = f (Iim a, =limf(a,) <0, rak kax pynxkums f(X) no
n— n—c

/

ycroBuIo HenpepbiBHa Ha otpeske [8,0] u f(a,) <0. C apyroii croposi,

N

f (C) = f (Iim bn lim f (bn) >0, rak kak f (bn) >0, IosryueHnHnsle HEPABEHCTBA

/

noxassiBatot, uto f (C) =0.#
Cuaencrsue. [Tycts pynxius Y = f(X) nenpepsisaa Ha oTpeske [a, b] :
f(a)=A f(b)=B unycrs A<B(A>B). Torma ans mo6oro uucna C,
ynosineropsiromero nepaseacteam A <C < B (A >C > B), cymecrsyer touxa C € (a,b)
Takas, uto f (C) =C.
Paccmotpum dyrkimio F(X) = f(X) — C . Ona nenpepsisra Ha otpeske[a, b] xax

Pa3sHOCTh HempepbiBHOI 110 yeosuto Gyakiun Y = T (X) u nocrosuuoit Gpynkimy.

80

F(@=f(a)-C=A-C<0,F(b)=f(b)-C=B-C >0, nosromy cymectByer Touka

c €(a,b) raxas, uto F(c)=0,te. f(c)=C.
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bunem 18. OzpanuuenHocmb HENPEPLIBHOU HA ompe3Ke hyHKuuuU.

Teopema 18.1(Beiiepurrpacce).

Iycmwb ghynxkyusa y = f (x) Henpepviena na ompe3sxe [a,b]. Tozoa

OHA 02PpAHUYEHA HA IMOM OmMPE3Ke.
bynem BecTH 10Ka3aTeNbCTBO TEOPEMBI METOJOM «OT IPOTUBHOTOY. IIpennonoxum, 4ro

y = f(X) ne orpanuyena na otpeske [@,0]. D1o o3mauaer, uto s moboro uncna C >0
CYLLIECTBYET TOUKa X € [a, b] TaKast, 4YTO ‘ f (X)‘ > C . IMocnenoBaTensHo BBIOHpAst YHUCIIO
C >0 pasupiv ancnam 1,2,...,N,..., HAX01MM COOTBETCTBYIOMIME TOUKH Xy, X yeery X, -

TaKue, 4To ‘ f (X, )‘ > N. DTH TOYKU 0OPa3yrOT GECKOHEUHYIO TI0CIEN0BATENLHOCT, a TAK KaK

BCe OHM MpHHAIeKat otpesky [&,0], r.e. a < X, < b, sta mocnenosarenbHOCTS ABIAETCSA
orpanndeHHOM. [IpuMenseM TeopeMy bonbliano-BeliepmTpacca sl MOCIE0BATEIBHOCTEM,

COTJIACHO KOTOPOM CYIIIECTBYET MOAIOCICI0BATEIBHOCTh (Xnk ) nmocnenosarensroctn (X)),
CXOJIAIIASACS K HEKOTOPOMY TMpeieiy, KOTOpbIi OyaeM o0o3HauaTh C. Tak kak A < X, <b,mno

TeopeMe O MPEICITBbHOM MEPEeX0/ie B HepaBeHCTBaxX motydaeMm: d < C < b,re Ce [a, b] H,

cnenosatenbho, Gyaxius Y = f(X) menpeprisua B 10it Touke. Ho 9T0 03Havaer, uto s

N

11000 NOCIeN0BATENBHOCTH, B YACTHOCTH, U JUIA IIOCIEJ0BATEIbHOCTU (Xnk ,» CTPEMILIEHCS K
. N

C, mocneA0BaTeIbHOCTE COOTBETCTBYIOIIMX 3HAYCHUM ( f (Xnk )) JOJKHA cTpeMuThest K (C) :

.
Ho ‘ f (X, )‘ >N, > K, nosromy nocienosarensHOCTS ( f(x, )) cTpemurcs k 0 . TostydeHo

TIPOTHBOpEYHE C MpemnoNoxkenueM o Heorpanuuennoctn Y = f (X) na orpeske [a,h]. «

3ameuanue: Ecnu pyHkms Y = f (X) HEINpEphIBHA Ha UHTEPBAJe (a, b) , TO OHa MOXKET
OBITH HEOTPaHHYEHHOM Ha 3ToM uHTepBase. Hanpumep, pynkmus T (X) = % Ha UHTEPBAIIE

(0,1) menpepsiBra. OnHaxo p1s modoro uncaa C > 0 umeer mecto nepasencrso C +1>1,

otkyma 0 < %C +1) <1 wu 3Hauenwne 310 QyHKIMHM B TOUKe X = % 41 PaBHO C+1>C.
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Caencrue. ITycts Gpynxuus Y = f (X) nenpepsisua na otpeske [a,0]. Torna
CYIECTBYIOT TOYHAs BepXHss rpanb M 1 TouHas HuKHSS rpanb M MHOXKECTBA €€ 3HAYEHHUH Ha
otpeske [a,b].

JlocTaToyHO MPUMEHUTH K MHOKecTBY 3Hadenuit ynxiuu Y = f (X) ma orpeske [a, b]
TEOPEMY O CYIIECTBOBAaHMM TOYHBIX I'paHEN OrPaHUYEHHOIO MHOKECTBA. 4

Teopema 18.2 (Beiiepuirpace).

Iycmub ghynkyusa y = f (x) Henpepwiena na ompe3sxe [a,b]. Tozoa
cyuwiecmeyrom makue mouku C,d, npunaonexcauiue Imomy ompe3sKy,
ymo f(c)=M, f(d)=m.

JIOKa)KeM 9acTh YTBEPKIEHHS TEOPEMBI, OTHOCSIIYIOCSA K TOUHON BepxHei rpann M

mHOKecTBa 3Hauennit ¢pynkiuu Y = T (X) ma otpeske [@,0]. Ocrampnas wacts noxassiBaercs

AHAJIOTHUYHO.
BYZ[GM BE€CTHU OOKA3aTCIbCTBO TCOPEMBI METOJIOM «OT IIPOTUBHOTO». HyCTI) JJIs1 BCEX

Touek X orpeska [&,0] semonmsercs nepasencto f(X) <M . Torma M — f(X) >0 ana
BCex Touek X otpeska [@,D] u pynxuua y = %I\/I ~ (X)) oTpe/iesieHa U HETIpepbIBHA Ha
OTpE3Ke [a, b] . [To Teopeme 18.1 3Ta pyHKIIMS OTpaHUYICHA HA OTPE3KE [a, b], CJIE0BATENBHO,

cymectyet uucio C >0 Takoe, uto ans Bcex Touek X orpeska [@,D] semonnstorcs

nepasenctBa 0 <————— < C. Ho toryia s Beex Touek X u3 otpeska [a, D]

M — f(X)

BeInosHseTca Hepasencteo M — f(X) > % ,wm M — % > f(X) . D10 03HAUAET, uTO

MCHBIICEC, YEM M , HUCJIO M - % SABJIACTCA BerHefI I'paHbIO MHOXXECTBA 3HAYCHHUH

dysxmuu Y = f(X) ma orpeske [@,0]. 3naunt, M - He Tounas BepxHsas rpans MHOKeECTBA
snauennit pynkmum Y = f (X) na orpeske [a,h]. <
3ameuanue: YacTo 3Ty TeopemMy GOPMYIHUPYIOT TaK:

HenpepbiBHas Ha oTpe3ke QyHKIUS IPUHUMAET CBOM HAUMEHbIIIEE

1 HanOOoJIbIIIee 3HAUCHHUS HA DTOM OTPEC3KC.
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Caencrue. ITycts ¢pynxuus Y = f (X) nenpepsisua na otpeske [a,0]. Torna mia
moGoro uucna fL, yrosierBopsiontero Hepasencteam M < 1 < M | cymectsyer Touka
& e[a,b] rakas, uro (&)= pu.

To joKa3aHHOM TeopeMe, CyIEeCTBYIOT Takue Touku C,d , mpuramIexamme oTpe3Ky
[a, b] ,aro f(C)=M, f(d)=m. PaccmoTpum oTpe3ok uncioBoii ocH, COeUHAIONIMI ITH
toukn. ITycTs, as onpenenéunocty, C < 0 . Torma pynkmus Y = f (X) menpeprisna Ha
OTpE3Ke [C, d]. ITo cnencrButo Teopemst 16.1, wist 106010 L, YIOBIETBOPSIOIIETO
nepasenctam , M< 1 <M cymecrsyer touxa & €[a,D] takas, uro (&)= .«

3ameuanue: JlokazaHHbIE YTBEP)K/ICHUS 03HAYAIOT, YTO HEMPEPBIBHASL HAa OTPE3KE
GyHKIMS TpUHUMAET Ha HEM BCe CBOM 3HAYCHHUs, OT HAMMEHBIIETO /10 HAaUOOJIBIIETO.

Pazymeercsi, TakuM CBOMCTBOM MOTYT 00JIaiaTh HE TOJILKO HETpephIBHBIE (hyHKIMU. Hampumep,

X,ecam 0 < x <1,
byHkMg Y = IIPUHUMAET BCE 3HA4YEeHUs OT -1 10 +1, oqHako nMeer
—X—=Lecmm —1<x<0

paspeis B Touke X =0.

OTmeTuM emé oHO BaXKHOE CIIEACTBUE TeopeMsbl 18.2.

Teopema 18.3. Ilycmo hynkuusa y = f (x) Henpepoviena na

npomexcymke X (Koneunom unu oeckoneunom). Tozoa mnoscecmeo
eé 3Hauenull Y makdce npeocmaeiiem coo0u npoMelHCymox.
Tpebyercs H0Ka3aTh, 4TO BMECTE C JIFOOBIMU ABYMsI Toukamu Y, Y, €Y uro6ast Touka
Y,Y, <Y <Y,, rakke npunamnexut Y . Hyers Y, = F(X) , ¥, = f(X,). Paccmorpum
mHOkecTBO 3Hauennil pynkumn Y = f(X) ma orpeske [X, X, ] ([, X,] < X, k. X -
npoMexyToK). OHO MpeCTaBIsET cOOOH OTPE3OK, B KOTOPOM comepikuTest otpesok [V, Y, ].

Taxum 06pazom, mo6oe uncno Y, Y, <Y <Y, sensercs snauenmem Y = f (X) nns nexoroporo

Xe X.

18.1. OOpartHas GpyHKUHUS.

OOpaTHast GyHKIHS — YACTHBIN CITydail MOHATHS 00PaTHOTO OTOOpaKCHHS (CM.

onpenenenue 3.9). Ecim 3anana pynxuus Y = f(X), o6nanaromas tem coiictBom, uto mo6oe
CBOE 3HAYEHHE Y OHA IIPUHUMAET NPH €AUHCTBEHHOM 3HAYEHUH X , TO 9TO JAET BO3MOKHOCTh

paccmatpuBath odpamuyio gynxuuio X = (), taxyro, uro pasenctsay = f (X) u X =g(y)



84

paBHOCHIIBHEI . [IpumepoM ciryxkat GyHKImn Y = e*,x=In Y. ScHo, uTO 006€
(byHKIMOHAIBHbBIE 3aBUCIMOCTH, Y = f (X) nX=»g (y) OIIPEJCIIAIOT OJIHY M TY )K€ KPUBYIO Ha
miockocTu. Yacto pacemarpusatot Gynkimio Y = ((X) ( u uMeHHO 9Ty QyHKIHIO HA3BIBAIOT
o6patHoit). ['paduk Takoit pyHkuuu nonydaercs us rpapuxa pyakmun Y = f(X) orpaxennem
OTHOCHUTENIBHO OMCCEKTPHCHI NEPBOTO KOOPAUHATHOTO yIia.

Teopema 18.4. Ilycmo hynkuus y = f (x) eo3pacmaem

(yovieaem) na npomesxcymke X . Tozoa na npomesxcymxe Y ,
npeocmagnAuiem coooi MHOMHcecmeo eé 3HaveHull (no meopeme

18.3), onpeodenena oopamnan ¢pynkyusa x=g(y), Komopaa maxice

eo3pacmaem(yovieaem) u HenpepvIGHA.
Orpannumnmcs ciydaeMm Bo3pacTanus. [1o onmpeaeneHnio MHOKECTBa 3HaYCHUH (DYHKITUH,

s moboro Y, €Y cylecTByeT 4ucIo X, € X Takoe, 4To Yo = f (Xo) . Tak kak Yy = f (X)
Bo3pacraeT Ha X , To uist moboro X € X, X > X, semonnsercs nepasenctso f (X) > f(X;), a
st moboro X € X, X < X, soimonnsiercst Hepaenctso T (X) < f(X,) . [oaromy smoGoe cBoé
sHaueHne Y, € Y dyHkums Y = f (X) mpunuMaer poBHO O/IMH pas3, B TOUKe X, € X ,ato n
MIO3BOJISIET OMpeAenuTh GyHKIU0 X = J (y) TaKylo, 4To JuIs Joboro Y, € Y BomosnHseTcs
paBeHCTBO X, = ( (yo) . Jlerxo Bunets, Gpynkius X =( (y) Bo3pactaeTHa Y .
JlelicTBUTENEHO, KaK NMOKA3aHo BBILIE, I J1I000ro Y, € Y s3navenns y > Yo COOTBETCTBYIOT
3HaYeHUsAM X > X, a 3HaueHus Y <Y, COOTBETCTBYIOT 3Ha4eHHsIM X < X,. Ho 310 03Hauaer,
4T0 U 00paTHO, I J0boro X, € X 3Hauenus X > X, COOTBETCTBYIOT 3HaYCHHsIM Y > Y, ,a
3HayeHust X < X, COOTBETCTBYIOT 3HaueHusM Y <Y, . Hakonen, maist noxasarenbCcrsa
nenpepwiBHoctd X = () nHa npomexyrke Y Bocmosbsyemes Teopemoit 15.3. JleiicTBUTENBHO,
dynxmus X = g(Y) Bospacraer Ha mpomexxyTke Y U eé MHOKECTBO 3HAYeHHi 0OpasyeT

pOMEXYTOK X .
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bunem 19. Pasnomepnas nenpepvienocme.

Onpenenenne 19.1. ITycts ¢pyuxuus Y = f (X) onpenenena Ha HeKOTOPOM MHOMKECTBE

X c R . ®ynkius Y = f(X) naswisactcs pasrnomepro nenpepvienoii Ha MHOKECTBE
X < R, ecnu ans mo6oro uncna & >0 cymectByer takoe uncino O >0, uto s Beex

Xe X u ae X ymoBIeTBOPSIONIMX HEPABEHCTBY ‘X - a\ < O BBINOJHSETCSA HEPABEHCTBO

‘f(X)— f(a)\<g.

3ameuanue: EcTh Ba)KHOE pasIuuKe MeX/Iy MOHATUSAMU PABHOMEPHOH HENPEPHIBHOCTH
na moxectBe X C R u menpepriBHOCTH Ha 5TOM MHOKecTBe. 3 paBHOMEpHOI
HENPEPBIBHOCTH CJIEYeT HENPEPHIBHOCTh, HO He HA060POT. B onpeieieHy paBHOMEPHOI
HENPEPHIBHOCTHU COJIEPKUTCS CHIILHOE TPEOOBAHUE O TOM, YTOOBI BXOJSIIEE B ONPEIEICHHE
uncno O >0 3aBuceno Tonsko ot uncaa € > 0. B 06bIYHOM OnpeieeHHU HENPEPLIBHOCTH Ha
MHokecTse ( onpenenenue 16.1) a1o uncno O > 0 3aBucur He ToabKo OT uncna € >0, Ho emé
v oT Touku @ € X . [To3TOMy BO3MOXKHO, 4T0 06mIero 3Hadenus unucna O > 0, omHoBpeMeHHO
IPUTOTHOTO JUIs Beex A € X , Halitu He yaactes. OHAKo eciu B KauecTBe MHOXkecTBa X C R

paccMaTpruBacTCAa OTPE30K YHUCJIOBOM OCH, TO BCpHA TakKasd TCOpEMa.

Teopema 19.1 (Kantop).

Iycmwb ghynxkyusa y = f (x) Henpepviena na ompe3sxe [a,b]. Tozoa

OHA DAGHOMEDPHO Henpepsvl6HA HA IMOM OMPE3Ke.

bynem BecTu 10Ka3aTeNnbCTBO TEOPEMBI METOJIOM «OT IPOTUBHOTO». OTCYTCTBUE
PaBHOMEPHOH HEMPEPBIBHOCTH 03HAYAET, 4TO cymecTByeT uucio € > 0 Takoe, uto m1s mo6oro

uncna 0 >0 cymecrayior Touku C € [a,b], X €[@,b], a1 koToprix BEIMOTHEHB! HepaBencTBa

‘X — C‘ <dm ‘ f(x)—f (C)‘ > & . 3adukcupyem 510 yncio &€ >0 u Gyaem nocnenoBarenbHo
BEIOUpath yncio O > 0 pasHbIM uncam 1, }/ - % ,+.. . [IpH Ka’KJI0M TaKOM BBIOOpE YnCIIa
0 >0 cymecrsytor Touku C;, X;,C,, X,,...,C,, X, ,... TaKue, uro mst Bcex N=1,2,...
BBITIOJTHEHBI HEPABEHCTBA ‘Xn - Cn‘ < % u ‘ f(x,)—f (Cn)‘ > ¢ . TlocneoBaTeNnbHOCTh TOUEK
(Cn ] — OeckoHeuHas u orpanndeHHas. [loatomy, o Teopeme bonbano-Beiieprirpacca,

A .
CYLIECTBYET MOAIOCIIEOBATEILHOCTD (an ,» IMEIOIIast MpEiedt, KOTophIi Oynem 0003HaUYaAThH
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Y<K

T.e. C, — % <X, <C, + % HOCKOJIBKyI!m c, =d,lim k= 0, npaBas u nepas wactn

k—0

d. Jlanee, U3 HEPABEHCTBA ‘Xn - Cn‘ < % npu N =N, momydaem Xnk _an

THX HEPAaBEHCTB MMEIOT OIMHAKOBKIE TIpeiensl, papHble uncty d . TTo Teopeme 9.3 u3 sToro0

CIIEITyeT, YTO I!im X, = d . Takkak a< C, = b, o Teopeme o mpenensHOM HEpexose B
—>0
nepasenctpax nosydaem: a < d <D, r.e. d €[a,b] u, cnenosarensro, pynxima y = f (X)
HerpepbiBHA B 5T0H TouKe. I1o BEIGOPY TOUEK X, ,C; BBINOIHEHO HEPABEHCTBO
‘ f (Xnk )—f (an )‘ > ¢ . TlepeiinéM B 5TOM HepaBeHCTBe K Tipejieny npu K —> 00. Beujy

HENPepHIBHOCTU MOy U HerpepsiBHocTH Gyukiuu Y = T (X), momyuaem

e <lim|f(x, )= 74€,)|= | F, )= 1, ) | =

k=

= f‘flimxn_ \I‘— f|f1i1ucn_ ‘ = |f(ci)— f(r:i)|=ﬂ.

AR e LU R S

ITosrydeHHOE IPOTUBOPEUHE TOKA3BIBAET TEOPEMY.

3ameuanne: Oynxius, HenpepbiBHas Ha untepsane (a,0), He o6a3aTensHO
paBHOMEpHO HenpepbiBHA HAa HEM. [Tpumep: dyakus Y = % , HETIIpEepbIBHAsA HA NHTEpBAJIe

(0,1), ne paBHOMepHO HempephIBHA Ha STOM HHTepBane. Jiis fokasaTenbcTBa BhIOepeM & =1 u

ans mo6oro 0 < & <1 pacemorpum Touku X 25/,C=%. [Ipu sTOoM ‘X—C‘ 2% <0, HO

5 2e
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Bunem 20. IIpoueoonas, eé ecmecmeeHHOHAYYHBLIL CMbBICL U
OCHOBHbLE CEOLICMEd.

20.1. JTuddepeHIMPYEMOCTh DVHKIIUMN.

IIycts y = f(X) onpenenena B okpectHoctr U (X,) TOUkH; X,.

Onpeaenenue 20.1. YucnoByro pyHKIMIO f Ha3bIBaIOT
ougppepenyupyemoii B Touke X,, ecau 1t Bcex X €U (X,) mmeer MecTo
PaBEHCTBO

f(x)= f(x)+k(x—x,)+a(xXx—x,), (1)

IJ1€ YMCNIo K HE 3aBHMCHT OT X, a a(x)—0 mpu X — X, ¥ OECKOHEYHO MaJast
GyHKuUs o(X) HEMpepbIBHA B TOUKE X,, T.€. al(X,)=0= lim a(x).

Yucnosyto ¢pyHkiuio f Ha3bIBalOT ougghepenuyupyemoii na Muoxectse X ,
eciu f nuddepeHunpyema B kaxka0i Touke X, € X .

Ipumep 1. Juneitnaa bynxuus f(x)=kx+b audpdepenuupyema na Bceit
YUCIIOBOU MPSIMOU

JlelicTBUTENBHO, KX+b =kx, +b+K(X—X,)+0-(x—-x,), (k =k, a(x)=0). B
4acTHOCTH, nocmoannsie (k =0) u moxcoecmeennas Gynxuus (k=1 0b=0)
nuddepeHuupyemsl.

Ipumep 2. Kpaapatuunas pynxmus f(x)=x* quddepennupyema.

JleHcTBUTENBHO, X = (X, + (X = X, )f = X2 + 2X5 (X = X, )+ (X = X, XX = X, ),

k = 2%y, a(X)= X~ X,.

Teopema 20.1. @yukyus f, ougpgpepenyupyemasn 6 mouke x,,

HenpépbvléHaA 6 IMoil mouke.
B cuny gopmymsi (1), f(x,)=lim f(x).
X—>Xg
Ipumep dyHkuuy |X| (4yTh IO3XKE MBI JJOKAXKEM, YTO 3Ta HYHKIHS He

nuddepenmnmupyema B Touke X =0), MmokasbIBaeT, 4TO YTBEPIKACHUE, OOpATHOE
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teopeme 20. 1, HEBepHO.

20.2. IIpousBoauas.

IIycts y = f(X) onpenenena B okpectHoctr U (X,) TOUkKH X, .

u
[Nockonbky Ha MHOXecTBe U (X,) onpeneneHa GpyHKIus f)= 1) U X, -
%o

U
npenensHas Touka it U (X;), TO MOXKHO CTaBUTBH BOIPOC O CYIIECTBOBAaHHU

f(x)—f(x
[peena pa3noCmno20 OMHOUIeHUs M B TOYKE X, .
X—X,

Omnpeaenenue 20.2. Yucno lim f0)=fx) (ecyii OHO CyILIECTBYET)
—X

X—=Xg X

Ha3bIBAIOT MPOU3800HON ynKkyuu f B TOUKE X, U 0003HAYAOT CUMBOJIOM f'(X,).

Hraxk,

. f(x)—f(x
/(1 )= lim 1 0= () )

X=Xy X— X0
IIPUA YCIIOBUM, YTO TIPEEN CYIIECTBYET.

" df (x,)
Jl1s1 0603HaYeHUsI MPOU3BOIHON TAKKE UCIIOIB3YETCS CUMBOJI d—
X

Hanpumep, ckOpoCTh NPSMOJINHENHOTO ABUKEHUSI €CTh TPOU3BOIHAS
nepeMenieHus Kak GyHKIuu BpeMeHu. YacTo nojae3Ho, o aHaJIOTUU € 3TUM,
TPAKTOBATh U HPOU3800HYI0 1000 yHnkyuu f B TOUKE X, KAK CKOPOCTh
u3MeHeHHUs! (QYHKUUU B 3TOH Touke. [Ipumep- cKopocTh XUMHUECKOW PEaKIIHH.

Ipumep 1'. JIuneitnas pyuxuus f(x)=kx+b uMeeT npou3BoaHYIO B

U
KaK/I0U TOYKe, U ee npou3BogHas (kx+b) =k - mocTosiHHas.

JIeNCTBUTENBHO,
lim FO)-Fx) _ lim (kx+b)—(kx, +b) _ i k= k
X—>Xg X — XO X—>Xg X — XO X—=Xg

B yactHOCTH, nHOCMOAHKAA umeem 6CI00Y RPOU3BOOHYI0, PAGHYIO HYIIO, 4

moscoecmeeHHan PYHKUUsa - NPOU3800Hy10, PAGHYI0 eOUHUUE.
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Ipumep 2'. Keagpatuunas GpyHkuus f(x)=x*> UMEET NPOM3BOIHYIO B

. Y
KaXXJI0M TOYKE, U €€ MPOU3BOJIHAsI paBHA (x> ;= 2X.

JIeNCTBUTENBHO,

2 2
fim 00~ 100)_ i X6 lim (x+ %, )= 2%, -
- X, X=X X — X, X—¥%g

Ipumep 3'. Mozyib |X| He HMeeT MPon3BOHOI B Touke 0.

o . IXI—10
JIEHCTBUTEIIBHO, Img w HE CYLIECTBYET, IIOCKOJIbKY Mpeaesl Ipu
X—> X —

X — +031oro otHomeHus paseH 1, a mpeaen npu X — —0pasen -1 u,
clieZioBaTeNbHO, npeaen npu X — 0 He cymecTByer

B 3TOM nipuMepe Mbl BCTPETWIIMCH € CUTYaLUEN, KOrJa CyLEeCTBYIOT

=0 g i FOO- (%)
7 %) m im ——— %) JTH BEeNMYMHBI HA3bIBAKOTCS, COOTBETCTBEHHO,

X=Xy +0 X— XO X=Xy =0 X — XO
npaeoii u neeoii npouseodnoi u odosnavarorcs f (X)), f., (x,). s
CYIIECTBOBAHHS IPOU3BOHOM HEO6X0IMMO 1 ocTatouHo, 4tobsl f, (X)), T, (X,)

CYILLIECTBOBAJIM U OBLIN PaBHbBI APYT IPYTY.

Teopema 20.2. @yukyus f, ougppepenyupyemasn 6 mouke x,,

umeem 6 IMOU MouKe NPOU3B00HYI0, U NOCIEOHAA PACHA
Ko3(hpuuuenmy k 6 npeocmaegnenuu pyukyuu f no popmyne (1).
CornacHo omnpeneneHuro 1, x, -- mpeaeabHas ToYKa 00J1acTH onpeIeIeHUs
M. B cuiny popmyisr (1), FO)= 1) _ k +a(x) amst Bcex.
X=X X=X

0 0

byHKIIIHN

u
X eU (X,) .Tak kak a(x)—>0 mpu X — X,, T0 Ha OCHOBaHUH (HOPMYIIbI (2)
3aKIroyaeM, uto f'(x,) CyliecTByer u paBHa K .

W3 enMHCTBEHHOCTH Tpeiesia CiaeayeT eIMHCTBEHHOCTh K03 puimenta k B
dopmyie (1). Teopema 20.2 mokassiBaet, uto GpyHkuus f , quddepeniupyemas B

TOYKEC X,, IpCACTaBrMa B BUJIC

f(X): f(Xo)+ f'(XO)-(X—X0)+OC(X)-(X—X0), 3)
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rae a(x)—0 mpu x — X,.

Ha ocnoBanuu teopemsl 20.2 yTBepkaeHus npumepos 1' - 2' spastoTcs
CJIEICTBUSIMU COOTBETCTBYIOLIUX YTBEPKACHUI npuMepoB 1-2. Bmecre ¢ Tem,
npuMep 3’ mokaseiBaeT, 4T0 QyHKIMs |X He sBisercs auddepeHnupyemoii B
Touke 0.

Teopema 20.3. Dyukyus f, umerouias nPpou3B00HyI0 8 MOYKE X,

ougghepenyupyema 6 smoii mouxe.

ITo ycioBuIo, CyIIeCTBYET lim F0)= 1) _ f'(x, ). CemoBaTenbHO, MO
X — X

X—>Xo
TEOpeMe O MpeaCTaBlIeHNN (DYHKIIMHU, UMEIOLIEeH Npeea B TOUKE,

= T0)_ g1 ), ), @
X — X,
rae " oy(x)— 0 1pu x — X,. [ToJI0KHUM

U
a (X): o, (X)I[JI;[ Beex X eU (X,),
0 mpuXx=X,.
U

Torpa Taxxke a(x)— 0 mpu x — X, u mo dpopmyse (4') wis Beex X €U (X,)
crpaBeniuBa popmyna (3). Tem cambim, f nuddepenurpyema B Touke x, (¢
ko3 durmenTom k = f'(x,)).

Takum 0Opa3om, ckazath, 4ToO yKcioBas QPyHKIUS AU depeHuupyema B

JAHHOM TOYKE, WJIM YTO OHA UMEET B 3TOM TOUYKE MPOU3BOAHYIO, OJHO U TO XKE.

Haxoxnenue npousBonnoit ¢pynkuuu f' y GpyHkuuu f Ha3bIBaloOT

nuggepenyuposaruem TOU QyHKIIUH.

20.3. KacareabHast K rpadpuky OVHKIIAN.

Kak u HaxoX/1eHne CKOPOCTH HEPABHOMEPHOTO JIBUKEHHUS, HAXOXKJICHHUE Ka-
CaTeJIbHOW K KPUBOM JIMHUU - OJJHA U3 OCHOBHBIX 33J1a4, PEIICHUE KOTOPBIX MpPH-
BEJIO K cO3/1aHuI0 U dhepeHInaIbHOTO UCUUCTICHUS.

PaccmoTpuM "acTHBIN cilyyai 3a1a4u O KacaTeJbHOM, KOT1a JUHUEN

CILY’KUT rpaduk QyHKIUU.
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Onpepenenue 20.3. [Tycts ynucnosast GpyHKUus f ornpejeneHa Ha

HEBBIPOJKICHHOM npoMexyTke | u HenpepsiBHa B ero Touke Xo (Tak 4To
paccrosiHue MM ;or cootBercTBylomeii Toukn M g (Xo: F(X0)) rpaduka 70 ero

roux M (X; f (X)), X € | | crpemures k nymo npu X = Xo ). Kacamensnoi

K rpaguky GyHKIUN f 5rouxe M 0

L
Ha3bIBAIOT TAKYIO MPSIMYIO, POXOIALLYIO y

M Puc. 14 M
uepe3 V1o, uTo OTHOWmIEHNE paccTOsHUS
MN o1 touxu M (X; (X)) no sroit ' ” N
IPSAMO# K PaCCTOSIHHUIO MM or M0 Mo /AN %

OTXUxx

M CTpeMHTCH K HyJI0 Iipu X —> X, (T.e.

aro MN  Geckoneuno mano no CPaBHEHUIO C M 0 M npu X = X, ).

CyTb 3TOTO OnpeeeHUs MOXXHO HATJISITHO OMUCATh CJICIYIOIIUM 00pa3oM:
€CJIM TIPE/ICTaBUTh, YTO TOUKA M nBukercs no nunuu k Touke kacanus Mg, 1o,
KakoBa Obl HU ObLJIa TOYHOCTH HAOJIIOJIEHHUS, C HEKOTOPOIO MOMEHTA TOYKA M,
Oyay4H elle OTIAUYHOM OT Mg, y>K€ HEOTJIMYMMa OT CBOEH MPOEKIINU N mHa
KacatenbHyIo (puc. 14). Takum o6pasoM, kpupasi, o6iagaromas B touke M xaca-
TEIBLHOM, OYTH CIIMBAETCS C HEH BOJM3HU dTOH TOUKH.

Teopema 20.4. Eciu ¢pynxuyua f , onpedenennasn na

npomexcymeke, ougpepenyupyema 6 eco mouke Xy, mo pagpuxk smoii

gynkuuu umeem ¢ coomeemcmeyioweii mouxe M (X,; f(X;))

Kacamensnylo, npuuem y2no6oii Koyuyuenm xacamenvHoii pagen
!

F'(%).

o ycnosuto u o reopeme 20.2 npeapliyliero NyHKTa, NpeacTaBieHUe
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F(X) = F (%) + T - (x=%) +a(X)(x=X,),

(5)
y A

Puc. 15 HekoTopoit okpectHocTH U (X,) Touku Xg , u

M

CIIpaB€aAJIMBO JJIA BCCX X , IPUHAAJIC)KAINX

a(x) >0 npu X —> X, . [Ipsimast ¢ yrinoBem
N  kod(ddunuerTom (%), MPOXOAIIasl Yepe3 TOUKY

My M, umeer ypaBuennue

4
A

o|T x x y=106)+ () (x=x).
(6)

Iycts M - touka rpaguxa c a6ermccoit X # Xg uxeU (x,) (puc. 15), N

- IpOEKIHs 3T ToukK Ha pamyio (6) u M - touka 3Toit psimoii ¢ aGermccoit
X . Torna HanpaBlIeHHBIA OTPE30K MM paBeH f (X) — Y, Tax uro, BerunTas (6)
u3 (5), monysaem M M =a(x)(Xx—X,). Tax kak MN <MM | a

MN _ [MM]| MM
> O MM T [x = x| Ho X = X,|

MM > [x - X, =|a(x)| >0

pu

MN

X — X,. CnegoBaTenbHO, MM -0
0

npu X —> Xy, 1.e. (6) - ypaBHEHUE

KacaTtelbHOU K rpa@uKky GyHKUUN f B ero Touke My .
Takum 00pa3omM, HaxX0K/IeHHEe YIJI0BOr0 KO3 (PuIMeHTa KacaTeJIbHOU
(Kak U HaXO0K/IeHHe CKOPOCTH) MPUBOAUT K BHIYMCJIEHUIO IPOU3BOIHOM.
3ameuanne: Cexymas M (M umeer yrinosoii

F(x) = (%)

kod(pbunreHT (cm. puc. 15). Takum o6pazom Teopema 1

TIOKA3BIBACT, UTO Y1060l KoIhpuyuenm xacamenvnoii 6 mouxe M, ecms

npeoden yenoeozo ko guuuenma cexywein M (M ppu X — X
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20.4. Tpasuaa nuddepeHIMPOBAHNS.

JudpdepeHurpoBanne JUHEHHOH KOMOMHALIUH, IPOU3BEICHHUS U

YaCTHOr 0.

Teopema 20.5 ITycmo T umeem npouszeoouyro 6 mouxe x. Tozoa

0714 110001l NOCMOAHHOIUL C chpageonusa popmyna:
(cf) =c-f’
(nocmommbu? MHONCUMETIb MOJCHO 6blHEécmuU 3d 3HAK npou3eodnoﬁ).
[Mpupamenue ¢pynkmuu cf (X) B Touke X paBHO

cf (x+ Ax) —cf (x) =c(f (x+ Ax) — f (x)). ITockonsKy cyuiecTByer

lim f(x+Ax)— f(x)

, CyLIECTBYET U

Ax—0 AX

limc Fx+Ax) - () =clim Fx+Ax) - 1) = cf '(X) uto u TpeboBamoCh
Ax—0 AX Ax—0 AX

JI0Ka3aTh.

Teopema 20.6. ITycms f u gumerom npoussoonvie ¢ mouke x.

Tozoa cywsecmeyem npou3eo00Hass CyMMbl IMUX PYHKYULL, nPUUEM

(F(x)+9(x) = F'(X)+g'(x).

[Mpupamenue pyukuuu f (X) + g(X) B Touke X paBHO
(f (x+ AX) + g (x+ Ax)) = (F(x) + g(x)) = (f (x + Ax) — £ (X)) + (9(x + AX) — g (X))
, TOATOMY

Iimf(x+Ax)+g(x+Ax)—f(x)—g(x) f(x+Ax)—f(x)+

= lim

Ax—0 AX AX—0 AX
. X+ AX) — g (X
+1lim XFA0 =000 _ ¢ L g1
AX—0 AX
HamoMuuMm, 4to TMHEHHON KOMOUHAIUEH QPyHKIIHIA fl,---, fn Ha3bIBAIOT

n
BCSIKYIO ()YHKIIHIO f , IPEACTAaBUMYIO B BUJIE f= Z Cy - fk , T1ie Kod(puueHTs
k=1

Cy - MOCTOSHHEIE.
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Teopema 20.7 (J/IuHeiiHOE CBOMCTBO OnepaIlum

mnddepeHIIMPOBaHNA).

Ecmu pyrkuuu ..., T muddepenumpyemsr B Touke x, To Besixas

n
NMHeiiHAs KoMOUHALWA | = ch - f amux GyHKLIMIA
k=1

muddepeHimpyema B TOUKE X , IPUUEM

(ch . fkj ~Ye (0
k=1 k=1

Teopema 20.8. Eciu ¢pynxuuu f, u f, mupdepenuupyemsr s

Touke X, To ux npoussenenue f; f, nuddpepenunpyemo B Touke x,

IpUYEM

(.00 £,(0) = £ () £, + £,(0 f,'(%).

Ipupauienue npoussenerus 1; T, pasmo

fL(x+AX) f, (x+ AX) — £, (x) f, (x) _ £, (X +Ax) f, (x+ Ax) — 1, (X) F, (x + AX) N

AX AX
N f.(x) f,(x+AX)— f,(xX) f,(x) _ (fl(XJrAX)— fl(x))fz(x+Ax) . fl(x)(fz(x+Ax)— fz(x))
AX B AX AX

[Tpu AX — 0 BBIONTHAIOTCS COOTHOIICHHUS

(f.(x+Ax) - f,(x)) N fl'(X),(fz(X_'_AX)_ f,(x))
AX AX

— £)(x), f,(Xx+ Ax) > f,(x),

OTKYJIa MTOJIy4aeM YTBEPKACHUE TEOPEMBI.

Teopema 20.9. Ecau ¢pynxyuu f, u f, ougpgpepenyupyemur ¢

moukex, u f,(x)=0 mo ux uacmnoe f(x) £ (%) oughgpepenyupyemo 6
2

mouKe X, npuiem

( fl(X) jl _ fll(x) fz (X) — fl(x) le (X)
f,(X) f2 (x) '
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Chauvana ToKaxeM JeMMy

Jemma 20.1. Eciu ysxupst T, auddepenuupyema B Touke X , u f,(x)=0

TO PyHKIUS }/f (X) muddepeHurpyeMa B TOUKE X , IPUYEM
2

(y (X)j _ff ((xx))
IIpupaienue umeer BUA:

1 1 f(x+Ax) - f(X)
f,(x+Ax)  £,(x)  f,(x+Ax)f,(x)

qDYHKI_II/ISI ornpeacicHa B OKpECCTHOCTH TOYKHU X U OorpaHu4cHa .
f, (X + AX)

CnenoBaTebHO,
|mi 1 1 — lim f,(x+Ax) - f,(x) _ f,(x) |
po0 A, (X+AX)  f,(X) =0 f, (X + AX) , (X)AX f7(X)

Teopema 20.9 cpasy cnenyer u3 Teopembr 20.8 u memmsl 20.1.

IIpou3BoaHLIE DJIeMEeHTAPHLIX (hVHKIMHA( paccKa3bLIBAThH B OMJIeTe

Heo0s13aTeJIbHO, HO, Pa3yMeeTCsl, HX HY?KHO 3HATH U YMETh BLIBOJIUTD!

O06s13aTCJIBHO CIPOCHM!)




bujer 21. Ilpon3BoaHbIe DJIeMEeHTAPHBIX (PVHKIMA, 00PATHOM

byvHKIIHN, CJT0XKHON PYVHKIIUU, MAapaAMEeTPHUYICCKH 3aAaHHOU

Q!HK!!I/II/I.

IIpousBoaHas crenenHoil GyHkuuM Yy = X", rae u — a1000e BemecTBeHHOE YHCI0.

OOGuactpb onpeneneHus 3Toi GyHKIMH 3aBUCUT OT u . Umeem (mpu X # 0)

l+g #—l

Ay _(x+A)"-x" e U x )
AX AX g
X

Ecnu Bocnonip30BathCsl MpeIesioM, BBIYMCIEHHBIM B TeopeMe 15.4, To mosryuum

[ H Ay_ u-1
y'=lim - =X

B wactHOCTH
_ 1 _ vl r_ -2 _
ecim Yy=—=X",10 Y =(-)Xx  =——
X

X2

1 1 L 1
cciimn y:\/;:XZ,TO y’:EX 2 :m.

IIpou3BoaHas MOKa3aTeJbHOM QYHKIMH Y = a* (a>0, —o< X< +m).

3mech
Ay_ax+Ax_ax _ax an —l
AX AX AX

Bocnons3oBaBmmcs npeniesaoM, BHIYUCICHHBIM B TeopeMe 15.4, Hailném:

y = lim &Y _ g
Ax—0 AX

‘Ina.

B vacTtHOCTH,

ecm y=¢e*,Tou Yy =e”.
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HTak, ckopocTh Bo3pacTaHus moka3zaTelbHol (GyHKuuu ( pu a > 1) mponopruoHambHa

3HA4YECHUIO caMOil (DYHKITMH: yeM OOJIBIIEeTO 3HAaYeHUs (PYHKIIHS YK€ JOCTHTIa, TeM OBICTpee B

3TOT MOMEHT OHa PacTET. DT0 NAa€T TOYHYIO XapaKTePUCTHKY POCTa MOKA3aTeNbHON (QYHKIIUH, O

KOTOPOU MBI UMEJH YXKE CIIy4all TOBOPUTE.

IIpousBoanas norapudmuyeckoii dynkmuu y =log, x (0<a=1_0<x<+o).

B sToMm ciyuae



AX
log, |1+ —
ﬂ_loga(x+Ax)—logax_l [ x]
AX AX X AX '
X

Bocnonb3yemcs npenesiom, BEIUMCIEHHBIM B TeopeMe 15.4:

Ay log,e
Ax—0 AX X '
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B wacTHOCTH, 1715 HATYPAIBHOTO TOTap M P M a TOydaeTcss UCKIIFOUUTEIBHO TPOCTOM

pe3yJbTar:
, 1

opu Yy =InX umeem y' ==

X

D710 Aa€t (XOTs, MO CYIIECTBY, U HE HOBOE) OCHOBAHUE IS MPEINOUYTEHUS], KOTOPOE
OKa3bIBACTCSI HATYPAIBHBIM JIOTapu(pMaM Mpu TEOPETUICCKUX UCCIICIOBAHUSIX.

IIpou3BoAHbIe TDUTOHOMETPHUYECKUX (DYHKIMM.

[Tycte y =sin X, Torna

. AX
. . sin—
A sin( X + AX) —sin x AX
A ( ) = 2 -COS(X +—) .
AX AX AX 2
2
. SinX
[Tone3ysick HEMPEPHIBHOCTHIO (DYHKIIUU COSX M M3BECTHBIM IMIPEIETIOM |Iﬁg —=1,
X—> X
OJIy4uM
. A
y' = lim 2y COSX.
Ax—0 AX

AHanoru4HO HAKUJEM:
eciii Y =C0S X, To y' =—sin X.
B cniydae y =tg X mpumenuma teopema 19.9 , cornmacHo kotopoi

!

sinx )| _cosx-cosx—(-sinx)sinx 1
COS X cos? X cos® X

Awnanoruyso,

1
sin?x

ecmu y=Ctgx,To Y =—

IIpousBoaHas o0paTHOl PyHKIMU.

Hpexcz[e 4YCM 3aHATHCA BBIYUCIICHUECM IMTPONU3BOJHBIX OT O6paTHI)IX TPUTOHOMCTPHUYCCKUX

GyHKIUH, TOKa)KEM CIIEAYIOIIYIO OOIIYIO TEOpeEMY.



Teopema 21.1. Ilycmeo 1) pynxuus f(x) eo3pacmaem(unu

yObvl86aem) u Henpepvli6HA HA HEKOMOPOM HPOMeENCYmKe; 2) 6 mouke

X, INO20 RPOMENCYMKA UMeen KOHEUHYI0 U OMIUYHYI0 Om
HYJ1Aa RPoUu3eooHyIo t'(x,). Tozoa ona oopamnoi hynkyuu g(y) 6

coomeemcmeylomeﬁ mouke y, = f(x,) makKyce cyuwiecmeyem

npou3800Has, PAGHAA

f()

[Ipunagum 3Ha4eHUIO Y = Y, POU3BOJILHOE NpUpalieHue Ay , TOr1a COOTBETCTBEHHOE
npuparienue AX noayduT u pyHkims X = g(y) . 3amerum, uto nipu Ay # 0, BBUILY

oJHO3HaYHOCTH camoit ¢pyukimu Y = f(X), u Ax # 0. Umeem

Ax_ 1
Ay Ay
AX

Ecmu Tenepp Ay — 0 1o 11060My 3aKOHY, TO — B CHITY HEIPEPBHIBHOCTU (DYHKITUU
X = g(y) — u npupamieane AX — 0. Ho Toraa 3HaMeHaTe b MPaBOi 4aCTH HAITUCAHHOTO

paBeHcTBa cTpemutes k npeneny f(X,) # 0, cnmenoBarensHo, CymecTByeT mpeien Juis JIeBOi
YaCTH, PaBHBIN 00pPaTHON BETMYMHE ( Y ; OH U IpeJicTaBisieT coboii mpoussoanyio g'(y,) .

Wtak, umeem mpoctyio GopMyiy:

JIerko BBISICHHTh €€ TEOMETPHYECCKHU N CMBbICJ. MBI 3HaeM, 4TO IPOU3BOAHAS Y,
€CTh TAHIEHC yIJIa o , 00pa30BaHHbII KacaTenbHOU K rpaduky ¢pyHkuuu Y = f(X) c ochro X.
Ho ob6patnas ¢pynkius X = g(y) uMeeT, JIUIIb He3aBUCUMas TepeMeHHast s Heé

!
OTKIIA/IbIBAETCS 110 OCU Y . [109TOMY NPOU3BOJIHAS X, paBHA TAHIEHCY Yria [3, COCTABIEHHOTO

TOM € KacaTeJabHOM ¢ 0chIo Y (pHC.) *

Takxum oOpa3om, BeIBeZicHHAs (hopmyIia x=g(y
¥, = flxg)

CBOJUTCA K U3BBECTHOMY COOTHOIICHUTIO

gp=—
tgx
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b4
CBSI3bIBAIOIIEMY TAHTEHCHI JIBYX YIJIOB ¢ U 3, CyMMa KOTOPBIX paBHa 5

[Tonoxum tst mpumepa Y = a*. O6partHoit s Heé pyHkimeii Oyner X =log, y. Tak

Kak Y, =a”-Ina, To no Hameit Gopmyre,

, 1 1  log,e
X - ]
a -lna y
B COTJIACHH C 3.
HGPGXOZ[SI Tenepb K BBIYUCJIICHUIO HpOI/I?;BOZ[HBIX oT 06paTHBIX TpI/IFOHOMeTpI/I‘-IGCKI/IX

GbyHKIUH, MBI U y100CTBa OOMEHSIEM POJISIMH ITEpEMEHHBIE X U Y, TTepenncaB J0Ka3aHHYIO

bopmyny B BUsIE

OOpaTHble TPUTOHOMETPHYECKHE (]_)VHKHI/II/I.

Paccmotpum dynkmmio y = arcsin X (—1< x <1), npudyem —% <y< % Omna siBnsieTcs

oOpaTHO# 11t PyHKIMHU X = SiN Y, UMEFOIIEH ISl YKa3aHHBIX 3HAYCHUH Y TIOJIOKUTEIbHYIO
HPOU3BOJIHYIO X, = COSY. B TakoMm ciydae cyiiecTByeT TakKe MPOU3BOAHAS Y, U paBHA, IO
Harei gopmye,

, 1 1 1 1

V=== = ;
X' COSX \1-sin’y 1-x2

KOPEHb MBI O€peM €O 3HAKOM ILTIOC, TaK Kak CoSY >0 .

. b4
Mg uckimtoumm 3HadeHuss X = +1, ubo 171 COOTBETCTBYIONIUX 3HAUCHUH Y = iE

MIPOU3BOIHAS X; =cosy=0.
@dynknus Y =arctgX (—oo < X < 400 ) ciyxut o0paTHo#t s pyHkumit X=tgy. ITo
Hare gopmyre
y = 1 1 1 1
“x! sec’y 1+tg’y 1+x?

Xy

AHaJIOTUYHO MOKHO IMOJIYYUTh:

s y =arccosx Y = (-1<x<1)

1
NJ1-x?

s Y =arcetgx y'=-—

i o2 (-0 < X< +40).
+ X

IIpou3BoaHas CJI0KHOM PYHKIUH.
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Teopema 21.2 (TeopemMa 0 NpoOM3BOAHOM CJI0KHOM DVHKIMHA).

Ilycmub pynxuyus y = y(x) onpeoenena 6 OKpeCmHOCHMU MOUKU X,
U umeem 6 IMOIl MouKe npou3eoouyio y'(x,). Illycmo gpynkuyus z =z(y)

onpebeﬂena 6 OKpecmHocmu y, u umeem 6 moukKe y, np0u3300Hylo

2'(y, )

Tozoa cnoxcnasa ynkyus Z(x)=z(y(x)) umeem npou3eoouyio,

paenylo
z ’(Xo): Z’(yo) ’ y’(Xo) .
HpI/IIIaIII/IM X, IPHPAIICHUC AX TaKoe€, 4YTO COOTBCTCTBYIOIICC 3HAUCHHUC

y(X, + AX) TIPHHAIEKUT OKPECTHOCTH TOYKH Y,, B KOTOPOM onpeaeneHa QyHKIus

2(y). Tax kax z(y), no ycnosuro, qudpepeHEpyema B TOUKE Y,

2(Y, +AY) = 2(Y,) = 2'(Yo)AY + B(AY) - Ay, rae B(Ay) — 0 pu y — 0 u $(0) =0.

Tak kak y(x) auddepeHuupyema B TOUKE X,

AY = Y(X, + AX) — Y(X,) = Y'(X,)AX + ot (AX)AX ,rAe a(Ax) -0 Ax — 0. Kak
yctaHoByieHO B Teopeme 20.10, eciiu Ax — 0, Tou Ay — 0.

IToaTomy

Z(Xo + AX)— Z(Xy )= 2(Yo + AY) = 2(Yo) = Z'(Yo)AY + B(AY) - Ay =
= 2'(Y) (' (X0 )AX +a(AX) - AX )+ B(AY)(Y'(X,)AX + r(AX) - AX) =
=7'(Y,) - Y' (%) - A+ AX(Z'(Y,) - A+ B(AY) - a1 (AX))

Tak kak npu AX —0 u Ay -0, a(Ax), B(Ay) — OECKOHEUHO MaJIbIe, U3 3TOTO

paBEHCTBA CJIE/YET, UTO

tim £ BIZZ00) _ i 10y, 36,1+ 2y - 0) + By Y 000) + BlaY) ()=
= Z’(YO) : Y'(XO),
4TO U TpeOOBaANIOCh 10KA3aTh.

IpousBoauass QyHKIMU, 32JAHHOH MAPAMETPUYCCKH.

Paccmotpum ypaBHEeHHE {3(/ : i/((tt)) (1)
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I'ne x(t), y(t) — nuddepenuupyemble GYHKIIMU HA HEKOTOPOM MPOMEXKYTKE
T ; MyCThb, KpOME TOT0, GyHKLHUA X(t) CTpOro Bo3pacraer (v yoblBaeT) HAa T U HU
B OJJTHOM TOYKE 3TOT0 NPOMEXKYTKa X, He paBHa 0.

CHMBOJI X, HCIOJIB30BaH 3/1€Ch Ul 0003HAYCHHMSI TPOU3BOAHOM DYHKIMU X, MO
nepemenHo# t. CymectByer oOpaTHas ¢pyHkius t = t(X) , mpuyem ee mpou3BoaHAs, IO TEOPEME

20.2, paBHa

== (2

'
t

>

Ho torna ypaBuenus 3agarotr Y (X) = y(t(X)), u npousBogHast 3TOH GYHKIIUH
Y'(X) =y, -t, , o Teopeme 20.2 0 MpouU3BOAHOM COXKHOH (yHKIMH. VICTIOIB3ys paBeHCTBO (2),

OKOHYATCJIbHO IMOJIy4acM:

, Ve
V()= (3)
Xt
YacTo BMeCTO paBeHCTBa (3) 3aNMCHIBAIOT PAaBHOCHIFHOE €MY PaBEHCTBO
ﬂ _ dy/dt
dx dx/dt

BeIBaeT Takxke, 4TO MPOU3BOIHEIE TT0 MTapaMeTpy t 0003HauaroT Tak: X, =X, Y, =Y.

Toraa popmyna (3) mpuaumaet Bua: Y'(X) = 1 .

X
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Bunem 22. luppepenuuan. uneapuanummuocms hopmol nepeo2o

ouddepenuuana

22.1. MMousatue nudpdepeHMAIA YUCJTOBONH PYHKIIMHA

Omnpenenenune 21.1. Ecnu uncnosas pyakiust f nuddepenmpyema B

TOYKE X, TO e¢ ougpgpepenyuanom df (X) B 3TOM TOUKE HAZBIBAIOT OJJHOPOTHYIO

muaeinyo Gyakmuio f'(X)h (HoBoit) He3aBUCHMOI TIepeMeHHO# N .

Takum oOpazom,

df (x) =f'(x)h (1)

[Tonoxxus B popmyse (1) f(X) =X, noxyunm

dx=1-h=hheR (2

tak uTo nuddepernuan dx ¢yukiuu f(X) =X B Kax10ii TOUKE X €CTh

toxaecTBeHHas pyukius. [loacrasinss (2) B mpaByto 4acTs (1), monyyaem

df (x)=f'(x)dx , (3)

paBeHCTBO ABYX JuHeHHbIX GyHkimi df (X) u f'(x)dx. 13 "Hero cneayer,
YTO YacTO MCIOJIb3yeMOe 0003HAYCHUE TIPOU3BOTHOMN ™ MOJKHO PaccMaTpUBATh,
Kak otHomeHue auddepenrmanos df (x) u dx.

®Oyuxnus df (X) ompenenena ais Bcex AeHCTBUTEIBHBIX 3HaUCHUH N .
OnHako 1o Tpaauiuu yacto paccMarpusaror df (X) mumms Ha MHOKecTBe Tex h,
JUISL KOTOPBIX X + N mpuHamiexut oonactu onpeseincHus GyHKIUH; T.¢., JTUIIb Ha
MHOXECTBE TpupaiieHuii apryMmenTa X Gyakiuu f . D10 00BsCHsAETCS TeM, 4TO
nuddepeHnran TECHO CBsI3aH ¢ mpupaimeHueM GyHkuuu. Tak Kak, 1o

npeanonoxenuto, f nupdepenuupyema B Touke X, TO
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f(Xx+AX)— f(X) = f'(X)AX + o (AX)AX, 4)

rae a(Ax) — 0 npu AX — 0 u nepBoe ciaraemoe B npaBoii yactu (4) —

nuddepenima, Ho paccMarpuBaeMbli Tobko st h = Ax. Ecmum f'(x) #0,

1o & (L) Ax = 3( () Lox ), Ax —» 0 11osToMy roopsrt, 4To «ruddepeHIman ecTh

rJIaBHAs JIMHEWHAS 4aCTh MPUPALLECHUS QPYHKIIUN.

22.2. TeomMeTpuuecKM M MeXaHUYECKUI cMBbIC TuddepeHIInaIA.

[Tycte uucnoBas yukius f nuddepennupyema B Touke X . Kak nzBectHo,

ee rpaduk umeeT B Touke M (X, f (X)) kacaTeJbHYIO C yIiIOBBIM KO3 HUITHEHTOM

F(x).

Teopema 22.1. 3nauenue df (x) = f'(x)h auddepenimana papHo

ITPUPALLCHUIO OPAUHATHI 3TOM KacaTeJIbHOW IPH NEPEXO0IE OT X K X+h

(cM. puc.).
¥
M T Jloka3zareabCcTBO.
- JeictButenbHo, tgp = f'(X),

ff - - -— - - - - M i MN = h,mosromy

NT = MNtge = f'(x)h. U3 pucynka
- taxke BUAHO, uto f'(X)AX=NT' ecth

P
0 X xTAX zth ~  4acTh

npupamenns f (X + Ax) — f(x) =N'M' dynkuum, ctpemsineecs K COBIAJICHHIO C

HUM 1ipu AX — 0.

Huddepenunan gonyckaer 1 MexaHM4YecKoe TojikoBaHue. Eciu X — Bpems,

a f (X) — myTh, NPONACHHBIN NPSIMOJIMHEHHO IBHIKYIICHCS TOYKOW K MOMEHTY X ,
to f'(X) - ee ckopocth B naHHbIii MoMeHT. Torna f'(X)h paBen miuHe myTH,

KOTOPBIH MpoIiia Obl TOYKA 33 MPOMEKYTOK BPEMEHH OT X 10 X+ h, eciu ObI ee

CKOpPOCTb OCTaBaJIaCh HEU3MEHHOM (T.€. IPUIIOKEHHBIE CUJIbl YPABHOBECUIINCH).
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22.3. UuBapuaHTHOCTH (hopMbI epBoro nuddepeHunaia

[IpaBuno nuddepenunpoBanus ca0xKHON GYHKINUN MPUBEIET HAC K OHOMY

3amMevaTeIbHOMY U BaXKHOMY CBOMCTBY nuddepennnana.

[Tycth pyHknuu y = f(X) U X = ¢(t) TAKOBBI, UTO U3 HUX MOXKET OBbITh
cocTaBieHa cioxkHast GyHkius: y = f (p(t)) . Eciu cymecTByroT Ipou3BOJIHEIE Y, U

X, , TO 110 Teopeme 20.2 CyIecTByeT U MPOU3BOAHAS
Yo=Y X ()

Huddepenunan dy, eciu x cUdTaTh HE3aBUCUMOW MEPEMEHHOM, BBIPA3UTCS

o ¢popmyie (3). [lepeitném Teneps kK HE3aBUCUMOM MTEPEMEHHOM t; B 3TOM

MPEANOJIOKEHUN UMEEM JPYroe BhipaxkeHue s auddepenimana:

dy =y, -dt.

3ameHsist TpOU3BOJHYIO Yy, €€ BhIpaxeHueM (5) u 3ameuast, 4to X, -dt ecThb
muddepeHnran x Kak QyHKIHUH OT t, OKOHYATEJIbHO MOJIYYHM:

dy =y, -x/dt =y, -dx,

T. €. BepHEMCS K npexkHent popme nuddepenimana.

Takum 00pa3oM, MbI BUIHM, 4TO hopma oudepenyuana
Modcem 0blmb COXPAHEHA 0a ce 8 MoMm cjiyyae, eciiu NPeHCHA

Heée3asucumasn NePeMerHHasn 3aMeHena HOBOIL.

MpI Beerna nMeeM npapo nucathb qudgepenua Y xaks dopme (1),
Oyner Jiu X' nezasucnmoii MePeMEHHOM WIM HeT; PA3HULA JIUIIb B TOM,

970, €CJIM 32 HE3ABUCUMYI0 TIEPEMECHHY IO BblﬁpaHO t s TO dX O3HaAYvYaeT He

npousBobLHoe npupamenne AX, a nuddepennuan X  kak GpyHKIUH OT t
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ITO CBOMCTBO U HA3LIBAIOT MHBAPHAHTHOCTHLI (GOpPMBI

nnbpdpepenmuaa.

22.4. JInddepeHIINAT CYMMBbI, MPOU3BEICHAS U YACTHOT0 DVHKIIHUM.

B cuny paBenctBa (1) u3 11060t hopmyibl Aj1s1 IPOU3BOAHON B TOUKE X MPH
YMHOXCEHHH Ha 0X ToJTydaeTcsi COOTBETCTBYIoMIas GhopMyia ais guddepeHimaa.
B wactHOCTH, B TOUKax, riae GyHKIUU U, V yIOBIETBOPSIOT YCIOBUSIM TEOPEM O

g depeHunpyeMOCTH CYMMBI, MPOU3BEICHUS UM YaCTHOTO MOJIyYaeMm:
d(u+v)=du+dyv;
aHAJIOTUYHO,
d(uv)=vdu+udyv,
d(u/v)=(vdu-udv)/V2.

OtMmeTuM, uto eciii C — mocrosaHas, To dC=0, dCu=Cdu.
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Bunem 23. IIpouszeoonvie u oudhghepenuuaivt epicuiux nOPAOKoe

1. IlocaenoBarTe/ibHbIE MPOM3BOAHbIE

[MpousBognas f' ¢yHkuuu f, B cBOIO 04Yepeib, MOKET UMETh MPOU3BOIHYIO.

[TocnenHIOI0 B 3TOM Ciiydae Ha3bIBAIOT 6MOPOIL HPOU36800HOI (VTN RPOU3BOOHOU

emopozo nopsaoka) dpyukiuu f u o603nayaroT 0osruHO f”. Takum oOpazom,
f”=(f"}. B cootBercTBUM ¢ >TUM |’ Ha3HIBAIOT nep6oii NPoU3E0OHOIE (M

npou3eoonoi nepeozo nopaoka) yuxuuu f. Ilo naayKIMK onpeaenstor (B
TPETONI0KEHUH, YTO OHU CYIIECTBYIOT) IPOM3BOIHBIC CICAYIONIMX MOPSIIKOB: 777
= (f?)?u t.1. Ecniu f umeeT N-10 mpou3BoIHYIO (& 3HAYUT, U TPOU3BOIHBIC BCEX
MEHBIITUX TOPSIKOB) BO BCEX TOYKAX HEKOTOPOTO MPOMExyTKa |, TO TOBOpST, 4TO

f n pas (wm n-xparno) nuddepennupyema Ha npomexytke |. dynknurio f,
UMEHOIY0 Ha | POM3BOIHBIC BCEX MOPSIIKOB, HA3BIBAIOT OECKOHEUHO

muddepenimpyemoit Ha |. TakoBbl, HapUMep, HA BCEM MHOKECTBE

IIGfICTBHTGJIBHBIX qHUCCII anre6pa1/1qec1<ne MHOI'OYJICHBI, ITIOKAa3aTCIbHBIC ®YHKHHH

Jli 0003HaYeHMsI TOPSJIKA TPOU3BOJHON, €CIIM OH HEBEJIUK, UCTIOIb3YIOT
Takoke pumckne mudpsl. Tak, f'¥ — yerBepras mpomssoHas Gynxiuu f. BooGue
1
’Ke, N-10 por3BoaHYIo GyHkiuH f oGosnauaror f (B wactrocTH, f& = 2). Ipu

f(O)

3TOM yJ100HO camy ¢yHKIuIO0 f 0603HauyaTh cuMBosioM . B Taknx 0003HaYCHUSX,

ouesnno, f" = (f9) ™™ 11g Beex k, 0<k<n.

Wrak, dyskims f mMeer B Touke Xoe (a,b) nponssoayto £ (xo)
(o603nauenue: fe D™ (X)) B TOM 1 TONIBKO B TOM ciydae, Korja B HEKOTOpOH
okpecrroct U Touku Xo, U < (a,b), cymectsyror npoussosssie dyrximn

Bcex mopsiakoB K,1<k <n—1, u pyskmus f"™ umeer B Xo nponsoHyro

(™) 2Axo) = f™(xo).

Bropas npousBoaHas UMeeT Ba)XHbIM MeXaHM4YeCKH# cMbIcil. Ecin

HpHMOHHHefIHOG JABMOKCHHC MaTepI/IaJIBHOI‘ﬁ TOYKH OIMHUCBIBACTCA YPABHCHHCM S=
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f(t), To, kak ObLIO MOKA3aHO,
V = fAt) — ckopocTh Touku B MoMeHT t. Bennunny j = f7At) ("ckopocTh U3MEHEHHUS

CKOpOCTHU'") HAa3bIBAIOT YCKOPEHHEM TOYKH B MOMEHT t. COrlacHO BTOPOMY 3aKOHY

KJIaCCUYECKON MEXaHUKH, cujia F, mpuiioxkeHHast K TOUKe, MPOnopIHOHalIbHA
yckopenuto, F = mj; ko3 puireHT nponopunoHaaIbHOCTH M HA3BIBAIOT MacCOU

TOYKH.

J171s1 HeKOTOpBIX OECKOHEUHO qudPepeHIIpyeMbIX PyHKIIHM JIETKO YKa3aTh

dbopmyiy [J1sl BEBIYUCICHUS N-0i MPOU3BOTHOM.

1) f(x) = x* x>0, ae R - ¢puxcupoaso. ITockombky fAX) = ax™?, f2AX) =
a(a-1)x*2, to, mo mapykuuu, nomyanm fOX) = a(a-1)...(a-k+1)x**, x>0, k e N.
Ecan a = ne N, 1o f(x) = x" onpenernena ua scem R u (X")® = n(n-1)...(n-k+1)x"™
“ xe R, 1<k<n-1. Ipu k =n nmomyanm (X)™ =n! mus Beex xe R (tak kax (x")™Y

= nlx, xe R), n mosromy (X")™ = 0 s Bcex Xe R 1 Bcexm>n.

2) f(x) = €*, xe R . Hockomnsky fAX) = €*, f2Ax) = €*, to f¥(x) = €, xe R,
keN.

3) f(x) = sinx, xe R . TTockonbky fAX) = cosx = sin(x+%), to f7AX) =
(sin(x+%))?: cos(x+%)-(x+%)?: cos(x+%) = sin(x+2%), xe R, n, mo

naykuun, fO(x) = sin(x+k%), Xe R, ke N.

4) f(x) = cosx, Xe R . Tak kak fAXx) = -sinx = cos(x+%), to f7AX) =
(cos(x+%))?=-sin(x+%)-(X+%)?: -sin(x+%) = cos(x+2%), xe R, u, m0

naykuun, fO(x) = COS(X+k%), Xe R, ke N.

5) f(x) = (1+x)*, x>-1, ae R - ¢puxcuposano. Kak u B mpumepe 1, momyunm
fAX) = a(1+X)“ 1 (1+x)? = a(1+x)“?, 12A%) = a(a-1)(1+X)“% u fOX) = a(a-1)...(a-
k+1)x** x>-1, ke N.
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6) f(x) = In(1+x), x>-1. Tak kax fAX) = — (1+x)?= —~— = (1+x)", 10, Ha
1+ X 1+ X
OCHOBaHMH TIpuMepa S ¢ o = -1, momyyum fOx) = F*PVx) = (1+)HED = (1)

_ (D) (k-

keN.
1+ x) e

(-2)...(-1-(k-1)+1) (1 +x) 1 *Y = (1) (k-1)1(1+x)*

3. JInHelHOe CBOMCTBO NMPON3BOAHLIX BLICHINX MOPSAIKOB

Teopema 23.1. Jns 1r060ro yncna ne R, 100X GyHKINMA U 1 V,

MMEIOIIKX B Kakoi-To Touke X mpoussogusie UM (X) u vVIV(X), u wis
TOOBIX Yucel Aj,Ape R, GyHKIHUS W = U + A,V UMEET B TOUKE X
npomssozryo W(X) 1 W(x) = (Lu(x) + Av(x))" = au™(x) +
AV (x).

Joka3zaTenbcTBO. 110CKONBKY KaXx<aas MPOU3BOIHAS BBICIIETO IOPSAIKA
MOJIy4aeTcsl U3 MPOU3BOIHON NPEIbLAYIIEro MOpsiiKa MOCPEACTBOM Olepaluu
g depenurpoBanus, a onepauus qudepeHunpoBaHus U epBasi IPOU3BOIHAS
001a1a10T CBOMCTBOM JIMHEWHOCTH, TO 3TO CBOMCTBO NEPEHOCUTCS HA

IMPONU3BOAHBIC BCECX MOPAAKOB.

4, N-f1 IPON3BOJAHAN IPOU3BEACHUSA

Teopema 23.2.(I'. Jleiionun). Eciu pyaxuuu f u g na HekoTopom

MIPOMEKYTKE UMEIOT MPOU3BOHBIE (PYHKITUU Y1 g™ neN, ro CYILLIECTBYET
(fo)™ u

(fg)(n) — ic: f (k)g(n,k) — fg(n) + nfb(n_l) + .+ n(n —1)..|.(('n —k +1) .I:(k)g(n—

Y+ ... +nf™g2+ g, (1)

Joxa3arenbcTBo. /{11 N=1 yTBepk1eHne cupaBeIuBo 1o Teopeme 19.8:

BMmecTe ¢ f u g nmpousBenenue fg taxxke nuddepeHupyemo u

(fg)?= fg?+ g = C2fO%W + C1Dg©,
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[TycTh yTBEpKICHHE TCOPEMBI CIIpaBeIMBO s N, a ¢pyukuu f u g (n+1)-
KpaTHO AuQepeHInpyeMbl Ha pacCMaTpUBAEMOM MPOMEXKYTKe. Toraa aTu
(GyHKLIMK BMECTE CO CBOMM IPOU3BEACHUEM N-KpAaTHO AU dEepeHIupyeMbl, U A
Hero cnpaseuinBa Gopmyna (1). Tak kak B KakJI0M WieHE IPaBOil YaCTH ITOU
dopmymer pyaxmun f u g™
dyuxuus (fg)™ xuddepenunpyema, npuuem (fg)™ = ((fg)™)?=

muddepenumpyemsl, To 1o Teopemam 19.7, 19.8

ZC:: (f (k)g (nk+)) | f (k+1)g (n—k)) —

k=0

n n-1
Cr? f (0) g (n+1) + ZCrI: f (k) g (n—-k+1) + ZCrI: f (k+1) g (n—k) + C: f (n+1) g (0) ]
k=1 k=0

n-1
Ho Y Ckfengh-o _c o Wgm L clf@gld o yor2fig® crifmgh =

k=0

n

CHf gDy mpuHUMas TaKKe BO BHUMAHHE CBOMCTBA OMHOMHUATBHBIX
k=1

ko3¢ dunuentos: C* +C " =Ck

n+l°

NoJIy4yaeM

(fg)(n+1) — Cr?+1 f (0)g (n+1) 4 Z (CrI: + C[I:—l) f (k)g (n—k+1) 4 C::ll f (n+1) g (0) —
k=1

n+1

> Ch, f g tak uro popmymna (1) BepHa, ecau 3aMeHUTh N HA N+1 1 Teopema
k=0

JI0Ka3aHa.

Bropas npousBoaHas pyHKIMH , 32JaHHOM NapaMeTPUYECKH

Paccmotpum ypaBHeHHE {3(/ : i/((tt)) (2)

I'me x(t), y(t) — nBaxasl nuddepennupyembie GyHKIIMU HA HEKOTOPOM
npoMexyTke T ; MyCTh, KpoMe Toro, GyHKIus x(t) CTporo Bo3pacrtaer (Wiu
yObiBaeT) Ha T U HU B OJIHOM TOYKE ATOTO MpoMexyTKa X, He paBHa (. B myHkTe
20.7 nokazaHo, 4TO B 3TOM cilyuyae ypaBHeHUs (2) 3aaatoT QyHKIuU0 Y (x) = y(t(x)),

Y TIPOM3BOJIHASA 3TOM (PYHKLMU paBHA
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V=% @

t

bbIBaeT Taxke, 4T0 MPOU3BOIHBIE 110 TapaMeTpy t 0003HAYAIOT TaK: X, = X,

y, = y. Torna dopmymna (3) mpuaumaet Bua: Y '(X) = Yy Haiiném BTOpyto

X

npoun3BoHY0 QyHKIUM Y (X):

d(y’ mo 0m
T
dx

v~ 400 gt _YX-yx

0 3
dx Xt X (ij

5. JinddepeHIIMAILI BLICIHTUX MOPAIKOB.

OnHOpPOHYIO TUHEHHYIO (DYHKITUMIO Ha3bIBAIOT JIMHEHHON (HOpMOI.

Hamomuum, uro ecnu dpyakuus f auddepenuupyema B Touke X, TO
muddepennmaiom f B X HazpIBarOT MUHEHHYI0 Gopmy f'(X)h. AHamoruuno, ecnu

f nuddepeHnupyema aBaKIBI B TOUKE X, TO €€ 6MOpbim Oudhghepenyuaiom
nazwvigatom xpanpatnanyio popmy f"(x)h?. Boobme, N-sim ougppepenyuanom f
B Touke X 6yzneT N-uunas gopma f(x)h" (B mpexmonosxernuu, 4To

f ™ (x) cymecrsyer). s n-ro quddepennuana f B TOUKe X HCIOMB3YIOT

o6o3nauenne d" f (X) wim, 6omnee crporo d" f (x)(h).
Takum oOpazom, Mo ONpeAeICHUIO,

d"f(x)(h)= f™(x)h" mns Bcex heR. (2)

Cornacno stomy onpeaeneruto, h" = (dx(h))"ects n-a crenens Gyuxmn

dx(h) u moromy ucnonssyror o6o3znauenue (dx(h))" =dx"(h). Toraa (2) npumer

BUJT
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d"f (x)(h) = f @ (x)dx"(h) ans Beex heR,
WM paBEHCTBA
d"f (x)= ™ (x)dx". 3)

®dopma (2) 3anucu N-ro AuddepeHmana He MHBApUAHTHA YKe Mpu N=2.

JlelicTBUTEIBHO, MoIcTaBsis BMecTo X auddepenuupyemyro pynkiuio ¢(t) B

JICBYIO YacTh popmyJisl (2) (ipu N=2), MOIyIUM

d*f (p@)(h) = (f (p(1)) h* = (F'(p(®)e' (X)) h* =
(f" (@)@ ®) + ' (e®)e"M) h7 (4)

a B pe3yJIbTaTe TaKOM K€ IOJICTAHOBKU B IIPaBYIO 4aCTb, UMEEM
(@) (de®)(h)) = (" (e®)e' ) (@dth)’ = (f(p)(@'(t)* h*.(5)

[IpaBsie gactu Gpopmyin (5) u (4) ormgarorcst cnaraemsm ( f '(qo(t))qo”(t)] h?.
Boo06iiie ropopsi, 310 ciaraeMoe He paBHO Hyt0. OaHako ecinu @(t) - muHeiHas
¢yuknus, To @"(t) =0 u, BooO1e, s J1t060ro N> 2 MMEeT MECTo
pasenctBo 0" (t) =0, oTkyna cienyer, uto hopmymna (3) 6yaeT BepHa U IS

nuHeHOU ¢pyHKimu @(t).
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bunem 24. Teopemovr Depma, Poana. Heodoxooumwie ycioeusn

IKecmpemyma

[Tycts U (a) - HEKOTOpasi MPOKOIOTAsI OKPECTHOCTh TOYKH a.

Onpenenenue 24.1: Touka a — mouka 10kanbno2o makcumyma f(x), ecnu

s Beex Xe U () Bemonusiercs HepaBeHcTBo f(X)<f(a).Ecnu mns Bcex Xe U (a)
BhInoTHsAeTC HepaBeHCTBO f (X)< f(a), To roBOpAT 0 TOUKE Hecmpozo2zo

MaxKcumyma.

AHanOrnyHbLIM o6pa30M ONpCACIIAOTCA TOUKHU JIOKAIbHO20 MUHUMYMA U
HeCmpo2020 J1I0KAJ1bHO20 MUHUMYMA. CnenyeT TOJIBKO 3aMCHUTDH BXOAAIIIUEC B

ornpeencHue HepaBeHcTBa HepaBeHcTBamu f (X)> f(a) u f(x) > f(a),

COOTBCTCTBCHHO.

Oo6o0uraronue Ha3BaHMs AJI1 TOUEK MAaKCUMyMa U MUHUMYMa — MOYKU

IKCcmpemyma.

Teopema 24.1(I1. ®epma): ITycts Pyukims Y=Ff(X) onpenencHa B

OKPECTHOCTH TOUYKH a, MYCTh 3Ta TOUKA — TOUKA IKCTPEMyMa (XOTs ObI
HecTpororo) st ¢yakiuu f(X) u mycTs cymecTByeT Iporu3BOIHAS

f'(a). Torma f'(a)=0.
Jloka3zaTeabcTBO. PaccMOTpuM, U1 ONPENEIIEHHOCTH, Clly4yal TOYKU

makcuMmyma. Toraa mis Becex Xe U () Beimonusercs HepaBeHcTBo f(x)<f(a), miu

f0-1@ 4

f (x)— f(a) <0. Ecim xe U () 1 x<a, 10 o



113

ITo ycnoButo cymiectByet nmpousBoHas f'(a). 3nauwur, cyiiecTByer

fros(@)=lim T-f(@)

. ITo Teopeme 0 npenenpHOM IEPEXOIE B
x—a-0 X—a

HepaBeHcTBaX, f,,.(a)=0.

Amnanoruuno, pu Xe U (a) , x>a BBIIOTHACTCS HEPABEHCTBO

F(x)-f(a)

T=T(a) <0, mosaTomMy fn',m (@)= Ilim <0. Tak kak,
X—a Xx—>a+t0 X-a
| . . f'(a)>0
f'(@)="f,04(a)=f,,.(a), 1OTKHBI BEINOTHATHCS HEPABEHCTBA | , 13
f (a)<0

KOTOPBIX CIIeAYyeT oka3piBaeMoe paBerctBo f'(a)=0.

IIpumeyanue 1. B Touke 3KCTpeMyma IPOU3BOIHASI MOXKET HE
cymecTBoBath. [Ipumepom cinyxuT dynkius Y =|X|. OHa HMeeT MUHUMYM B

touke x=0. onHako f J'Z€6‘ (0)=-1, fn',m (0)=1wu f'(0) He cymecTByer.

IIpumeuanmne 2. Teopema depma gaeT HEOOXOAUMOE YCIOBUE IKCTPEMYyMA,
HO HE JOCTaTOYHOE, T.€. MPOU3BOAHAS PYHKIIUU B TOUKE MOXKET PABHATHCS HYIIIO,

3

a DKCTpemMyMa B 3TOU TOUKe HeT. [Ipumep: Y =X
2

. OTa QyHKIUSI UMeeT

3

npou3BOAHYI0 Y =3X“, oOpamaromnryrocst B HOJIb pu X=0, ogHaKo Y = X

BO3pacTaeT Ha BCEU YUCIOBOM MPAMOM.

CaeacrBue (HeoOXoaumble yca0Bus IkcTpemyMma). Eciu GyHkums

y = f (X) HenpepbiBHa Ha (a;0), TO TOUKaMM JTOKATBHOTO SKCTPEMyMa MOT'YT OBITh
TOJIKO TAKUE TOYKH Xg , B KOTOPBIX Ipou3BogHas ¢pyHkuu Y = f(X) mubdo He

CYILIECTBYET, InO0 oOpamaercs B 0.

Teopema 24.2(M.Poaas) Ilycts

1) f (x) eCla; b}
2) f(x) e D(a;b);
3)f(a)= f(b)

Torma cymectByer Touka ce(a;b) Takas, uro f'(c)=0.
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JlokazarenbcTBo. Tak kak Gpynkuus f(X) HenmpepbiBHA Ha oTpe3ke [a;D], ona
NPUHUMAET Ha TOM OTpe3Ke HauOoJbllee 3HaueHue M U HauMeHbIlee 3HAUCHHE

m.

Ecnu okazanock, uto m=M, To 310 03Hauaer, uto M=f(X)=M mas Bcex
Xe[a;b], T.e. bynkmus y = f(X) - mocrosunas Ha [a;b]. [Toaromy mis Bcex x e (a;b)

umeeT mecto paBeHncTBo f'(x)=0.

Ecnu sxe m=M, 1.e. m<M, TO X0Ts ObI OJJTHO U3 ATUX 3HAYCHUN (PYHKIUSA

NpUHUMAET BO BHYTPEHHEW Touke [a;b].

JleticTBuTenbHO, 10 ycnoButo 3) 3Hauenus f(a) u f(b) pasusr npyr npyry un

MOT'YT OKa3aThCsl paBHBI HE OoJiee, ueM oJHOMY U3 yucena M, M.

[Tycte, Hanpumep, M=f(C), rue ce(a;b). Tak kak M HaubomnbIee 3HAUCHUE

¢byukiuu f(X) Ha Bcem oTpeske [a;h], To oHO OyaeT HAaUOOIBIIUM U JIJIS X € U (c),

T.€. ¢ — TOYKa JOKaJbHOTO IKCTPEMyMa.
[To ycnosuto 2), B 3T0M TOUKe cymiecTByeT mpousogHas f'(C). ITo Teopeme
depma, f'(c)=0.
3ameuanue:

Bce ycnoBus teopeMsl Posuis SBISIOTCSA CYIIECTBEHHBIMU. JTO O3HAYAET,
YTO €CJIA HE BBINOJIHAETCS OJHO U3 HUX, & OCTAJIBHBIE JBA BBIITOJIHSIIOTCS,

3aKIIIOUYCHHUEC TCOPEMEBI MOKCT OKa3aThbCA HCBCPHLIM.

X,ecnu x €[0;1),
0,ecnu x=1

1) f(x>={

BrimonHens! ycnoBus 2) u 3), He BeinonHeHo yciaosue 1). s Beex X € (071)

umeem f'(x)=1.

2) f(x)=|x|, xe [-1;1].
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He BoinonHeHo ycnosue 2), ycnous 1),3) BeimosniHeHsl. Ha unTepBae (-
1;0): f'(x)=-1; na uarepraie (0;1): f'(xX)=1. B Touke X=0 npou3BoaHas HE
CYIIECTBYeT, modToMy Ha (-1;1) HeT Takoii Touku, yto f'(X)=0

3) f(x)=x

BelInonHeHb! nepBble 2 ycnoBus, TpeTbe Ha oTpe3ke [0;1] He BBINOIHEHO.

Bcerony Ha (0;1) umeem f'(x)=1.

CaeacrBue Teopembl 24.2: Ilyctb

D9(2).0' (2).-.0" (2) € Clxi X1

2)¢(n+1) (2)cywecmseyemons 060U Z € (XO; X);

p(xg) = (5g) == 9 (5) = 0,000 =0,
Torna cymecTByeT Touka & € (XO; X) Takas, 4To q)(n+1) (&)=0.

Joxa3zateabcTBo. st pynkuuu ¢(z) Ha oTpe3ke [Xo;X] BBIMOIHEHBI

BCE YCJIOBUS T€OpEMBI POILIS, IO3TOMY CYILECTBYET TOYKA C € (xO; X) Takas, 4To
Q@ (Cl) =0.

Paccmotpum dyHkimio @ (Z) Ha oTpeske [Xo;C1]. s Hee Takxke

BBITIOJIHEHBI BCe yCJIOBUS Teopembl Pouis. [loaTomy cyiiecTByeT Touka ¢z ,

C,€ (XO;Cl), TakKasl 4To (p”(CZ) =0.

AHanoOrmyHLIMHU PACCYKACHHUAMU ITOJTYydaCM, UTO CYHICCTBYIOT TOYKH

Cpp <C,y_q <--<Cy <C; TAKHE, YTO (p(k) (Ck) =0,k =1,...,n. Hakoner,

paccMOTpuM (DYHKITHIO qo(n) (z) Ha oTpeske [Xo;Cn]. OHA TOXKE YIAOBICTBOPSAET BCEM

YCIIOBHSIM TeOpeMbl Posus, T.K. (p(n+1) (2)= (qo(n) (Z))l cymiecTByer Ha (Xo; 4),
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3HAUYUT U Ha (Xo;Cp). [loaToMy, mo Teopeme Posus, cymecTByer Touka & € (XO;Cn)
Takas, 4To (p(n+1) (&£)=0.

3amMeuanue:

['eomeTpuueckuii cMbICi TeopeMbl Polis: pu ee ycnoBUsAX €CTh XOTS Obl

OJIHa TOYKAa C Ha MHTEepBaJe (a;b), kacarenpHast B KOTOPOH MapajuiesbHa OCH X.
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bunem 25. Teopemwot Jlazpanica, Kowmu. Kpumepuit nocmosncmea

QZHKEM”

Teopema 25.1 (JIarpau:xk) ITycts f(X)<CJa, b], f(X)eD(a, b).

Torma cymecTByer Touka ce(a, b) rakas, aro f(b)-f(a) = f'(c)(b-a).

Joka3zaTeabcTBO. PaccMoTpuM BeromoraTennbhyto pyHkimo  F(X) = f(X) —

f(a) - w(x —a). F(x) eC[a, b], F(x) €D(a, b), tak kax F(X) ornmuuaercs ot

f(X) muib cnaraeMbIMU, COBOKYITHOCTh KOTOPBIX MPEICTABISICT COOON JINHEHHYIO
(GYHKLHMIO OT X, KOTOpasi BCIOY HenpepbiBHA U AU depenuupyema. [Ipu atom

f(b)-f(a) O

P =£ (0 - ~0—

f)-1(a) (a—a) = 0. Ananoruuno, F(b) =

Beraucnum F(a) = f(a) - f(a) - b_a

ﬂM—f@ynﬂ%Eéﬁgm—a):ﬂm(@—f®)+ﬂ@:0.

Hrak, Bce ycnoBus TeopeMbl Poiuist BepHbl 1iist pyHknuu F(X). [Tostomy
CYIIECTBYET TOYKa C e (a, b) Takas, uro F'(C) = 0. C yuérom dopmyisr (1),

o 1O 1@

YTO paBHOCHIIbHO JI0Ka3biBaecMomy paBeHcTBYy f(b) — f(a) = f'(c)(b-a).

3amMeuaHud:

o JIoKa3aHHYIO TEOPEMY TAKXKE HA3BIBAKOT TEOPEMOU O CPEAHEM 3HAUCHUH,

MOJIYYEHHYIO B HEl popMyity — pOopMysioil KOHEUHBIX TPUPALLEHUH.

o Ecmu asb u f(X) e C[b, a], f(x) e D(b, a), To cymectByer Touka ce (b, a) Takas,

qTo0

f(a) - f(b) = f(c)(b - a).
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Ho »To paBeHCTBO MOJKXHO 3aIlucaTh Tak:
f(b) — f(a) = F(c)(b - a).

D10 03HayaeT, YyTo (hopmMysia KOHEUHBIX IPUPALLEHNUN BEpHA KaK B CiIydae

a<b, Tak u B ciaydae a>b.

o YacTo paccMaTpuBarOT TOUKY X, pUpAILIeHHe A X (MpUYEM, COrIacHo
NPUMEYaHUI0 2, BO3MOXKHO, uT0 AX<0) u pyHkiwmio f ,HenmpeprIBHYIO Ha
OTpE3KEe, COEIUHAIONIEM TOUYKHU X U X + A X U TUPPepeHIIUpyeMYIO XOTs Obl
Ha 3TOM HHTepBajie. Torna nokazaHHy GOpMyIly MOXKHO MepenucaTh B

BHUJIC
AT(X) =f(x + AX) = f(x) = f'(§) AX, (2)

rjae § — Touka, Jexarnias Mex1y X U X + AX. Tak kak aJis J1r000i TOUKH &
MEXY X U X + AX cymectByeT uucio 0, 0< 0 <1 Takoe, uto & = X + O AX, hopmyny

(2) 3anuceiBatoT Takxke B Buge Af(X) = f( X+ 0AX)AX
CaencrBusi Teopembl Jlarpanka

CaeacrBue 1. (kputepuil noctossHCTBa (PYHKIIMU Ha UHTEpBasie). DyHKIUSA
f(X), muddepenuupyemas Ha (a, b) (rae (a, b) Moxer ObITh 1 OECKOHEUHBIM
UHTEPBAJIOM) SIBJISICTCS] IOCTOSIHHOW TOTA M TOJIBKO Toraa, koraa f'(x) = 0 mus

Bcex Xe(a, b).

JokazaTebcTBO. TO, 4YTO IPOM3BOIHAS MOCTOSSTHHOM (pyHKIIMHU paBHA 0
y’Ke J0Ka3aHo. JlokakeM Teneph, 4TO €ClIU IPOU3BOIHAs (DYHKLIUHU, ONIpENEIEHHON

Ha uHTepBasie, paBHa 0, TO 3Ta PYHKIUS ABIAETCS MOCTOSTHHOM.

J1Jist 3TOro BO3bMEM JIBE TIPOM3BOJIBHBIC TOUYKH X1, Xz € (8,D), mist
OTPeIeEHHOCTH MYCTh X1< Xp, Tak Kak BCOAy Ha (a8, b) cymecTByer nponsBoHas,
¢yukius f(X) nenpepsiBHa Ha (@, b), ciemoBarensHo, U Ha [X1, X2] < (&, b). TTo

teopeme Jlarpanxka f(Xp) — f(X1) = F( £)(X2 — X1) = 0, Tak kak f'( ) = 0 mo ycnoswuio.
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D10 03HavaeT, 4to 3HaueHus Gynkuuu Y = f(X) B M0OBIX ABYX TOUKax X, X2 € (a, b)

oauHakoBbie. Ho 310 03Hauaer, uro f(X) — mocTosiHHAas.

3aMedaHud K cjaeacTemio 1:

o DTO0 cleACTBUE €IlE HA3bIBAIOT OCHOBHOU IEMMOU Meopuu HeonpeoeiéHHo20
unmezpaia.
° Ecmu f'(x) = 0 gs Becex Xe X, rae X — 00beAMHEHHE HECKOIbKUX

uHTEepBAIOB, TO f(X) MpUHUMaET MOCTOSTHHOE 3HAYCHUE HA KAXKIOM M3

HHTCPBAJIOB, CBOE JIJIs1 KaXKJI0TO HHTCpBAJIa.

Teopema 25.2 (Kommn). ITycts f(X),g(X) < C[a,b], f(X),

g(x)eD(a,b), g'(¢) # 01 Bcex Touek & e[a,b]. Toraa cymecTByeT Touka

ce(a, b) Takas, uro

f(b)-f(a) _ f'(c)
gb)-g(@ 9g'(c)’

Jloka3zaTeabcTBO. /[0Ka3aTeIbCTBO BO MHOT'OM I10JIOOHO JI0Ka3aTeIbCTBY

teopembl Jlarpanxa. PaccMoTpum BecrioMorarenbHyo GyHKIMIO:

g(x)-g(a)
(=10 -t@- = ()~ @)
Bo-nepBbix, 3Ta (I)YHKI_[I/IH CYILIECTBYET, TaK KaK

g(b)-g(a)=9g'(&)(b—a) =0 mo ycmosuio Teopemsl. Jlanee, oHa HeMpepbIBHA Ha
orpeske [a,b] u quddepennmpyema na uarepsane (a,b), npuuém e€ mpou3BoaHAL

f(b)-f(a)

paBaa F'(x) = f'(x)-g'(x) 1) 9@

. 1o Teopeme 23.2 (Ponns) cymectByer

f(b) - f(a)

c e (a,b) takas, uro F'(c)=0, T.e. F'(c)= f'(c) — g’(c) a(0) - g(a)

=0, oTkyna
cpa3sy cienyeT 3aKI0YCHUE TEOPEMBI.

3amMeuyanmue.
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He cTout nmbITaThCsl «yNMPOCTUTHY JOKA3aTEIbCTBO TeopeMbl Ko,
IpUMEHss TeopeMy Jlarpan:ka OTIeIbHO K YUCIIUTENIO U K 3HaMeHartento. Jleno B

TOM, 4TO XOTs ¥ iis1 T (X) cylecTByeT HekoTopasi TOuka, 0003HAYUM €€

¢, €(a,b), takas, uro f(b)— f(a)= f'(c,;)(b—a), u mia g(x)cymecrByer
HEKoTOpas Touka, 06o3HauuM e€ C, € (a,b), Takas, uro g(b)—-g(a)=49'(c,)(b-a)
, Mbl HE MOYXEM CPa3y yTBEPHK/aTh, YTO 3TH TOYKH COBMAYT, T.€.4T0 C; =C, =C.

OTO0 paBEHCTBO CIEAYET KaK pa3 U3 MPUBEAEHHOTO BhIIIE JOKA3aTEIbCTRA.



121

Bunem 26. @opmyaa Teiinopa ¢ ocmamoyHviM Y1eHOM 6 (hopme

Jazpansca

®dopmyna Teinopa npeacrapisieT cOO0K OUH U3 OCHOBHBIX HHCTPYMEHTOB
MaremaTudeckoro ananusza. E€ cMmbici cocTout B ToM, uTo GyHKIUS f (X)
npencrasiusercsa B Buae f(x)=T,(x)+R, (x), rae T,(x) — mHOorounen Teumnopa,
R,(x) — ocTaTouHslii wieH opmyinsl Teinopa. B 3aBucumoctu ot Buga R,(x) oHa

HCIIOJB3YCTCA B PA3JIMYHBIX LECIAX! IIPHU BBIYUCICHUAX 3HAUYCHUU ®YHKHHﬁ C

3aJaHHOM TOYHOCTLBIO, ITPH UCCICAOBAHNN ACUMIITOTUYCCKOTO ITOBCACHUS

GyHKUMN U T.A.

Teopema 26.1 (bopmyna Teliopa ¢ 0OCTaTOYHBIM YJIEHOM B (popme

Jlarpanxka) [lycte f(x), f'(x), ..., f(x) HEOPEPHIBHBI B OKPECTHOCTU
U(x,) TOYKH X, U IyCTh B U(x,) cymecTByeT f™?(x). Torma amus mo00ro

x eU(x,) CYLIECTBYET TOUKA &, JIeXkKAIIAst MEXKIY X, M X Takas, 4yTo

F00 = 1) + £106)X = x0) + 0 (32 . F200) (o T70E) (g
2 n! (n+1)!
(1)

IIpumeyanmue.

f (n+1)
B stom npencraBnenun Gpynkuuu f(x) BeanyuHa #(x —X,)"™
n!

Ha3bIBACTCA oCmamo4HbIM Y1€HOM 6 ¢0pM€ ./Iazpan;)fca.

MoxHo BeinucaTh 0osiee oduryto popmy Hinémunvxa u Powa
(Schlomilch—-Roche) ocraTtounoro 4iena:

f™(x, +0(x—x,))
n'p

R, (x) = (1=0)""P(x=x)"", ()

rae 6 — 4uciio, yioBJIETBOpsIollee HepaBeHCTBaM 0 < 0 <1, Takoe, 4TO
E=X,+0(x-X%,),a p>0 —moboe uncio. Hampumep, octaTouHbli uieH B popme

Jlarpanska nmoayduTcs, eciau p =n+1 B 3Toi o6mieit popme (2). Mnoraa ObiBaeT
yn00eH ocmamounwlii 4ieH 6 ¢popme Kowu, nonydaemsiii u3 (2) npu p =1:
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f D (x, +0(x—X,))
n!

R, (X) = (1-60)"(x=x;)"".

Opnnako HanboJsee 4acTo UCIOB3YETCs OCTATOUHBIN UjieH B (hopme
Jlarpanka u Mbl Iokaxkem Gopmyiy Telopa UMEHHO B TAKOM BUJIE.

JlokazaTeJibCcTBO. PaccMOTpUM BCIOMOTaTeNbHYIO (PYHKIUIO

" (n)
0(D)= 1)~ 1 1)~ £z x0) ~ 2 (27 - -Vl gy -

n!

[Tockonbky 3Ta QyHKIHUS ¢(z) MOAYYUTCS BhIUMTaHUEM U3 f(2)
MHOTO4IEHa OT Z, @ MHOTOWIEH HEIIPEPBIBEH U UMEET HENIPEPHIBHBIE
MIPOU3BOIHBIE JTIOO0TO MOPSAKA, 111 PYHKIIUU ¢(Z) COXPAHSIOTCS CBOWCTBA
byukuuu f(z), 1.e. 9(2), ¢'(2), ..., ¢"(2) HepepsIBHBI B U(X,) U ¢ (2)

cymecTByer B U(X,) .

[Tycts x €U (x,). st onpeiei€HHOCTH, TyCTh X > X,. BeiOepeM uucio A
TaK, YTOOBI BBINOJHSAIOCH PABEHCTBO ¢(X) = 0. DTO BO3MOXHO, MOCKOJIBKY MPH

MOJICTAHOBKE X BMECTO Z B (3), 3TO paBEHCTBO MPUMET BHJI JTUHEHHOTO

OTHOCHTEJBHO YPABHEHHUS ¢ KOIPPHUIIMCHTOM MPH A, paBHBIM (X — X,)"™* #0.

Teneppb 11 npuMeHeHus cieAcTBUs POt ocTanoch TOJIBKO J0Ka3aTh, YTO

BBITIOJIHSFOTCS] PABEHCTBA
@(Xo) = QD,(Xo) = QD”(Xo) == ¢(n)(Xo) =0.
JIJ1s TOTrO CHAYa a BRIYUCIUM K -0 TPOU3BOIHYI0, K >1, oT QyHKIIMK

(z-x,)' B TOUKE Z = X,.

[To popmyrne 115 TPOU3BOIHOM CTENEHHOM (PYHKIIUU TOCIE0BATEIBHO

HOJIy4aeM:

i

(2-%)') =1@-%)" (2=x)') =10-DE-x)"7, ...,

(3)
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(z-%)' ) =10-1)..0 ~k +1)- (2= x,)"™*, ecm k <|. B Touke z = X, 372

BennunHa obparniaercs B 0.
Ecmn k=1, 70 (z-%,)' ) =1(1-1)..0 =1 +1) =11,

Ecnu xe k > 1, To nansHeiee nudpepeHunpoBaHue AacT TOXKIECTBEHHbIN

HOJb. (CTemenp MHOTOUIEHA (Z - X,)' paBHA |, T.e. OH KMEET BH/I

2' +a,,2"" +..+a,, k-kparnoe nuddepenruposanue npu k > | kaxmoro

CJIaraeMoro, BXOJISIIIETO B 3TOT MHOTOUIECH, JA€T TOXKI€CTBEHHBIN HOJIb)
Wrtak, Bce mpou3BOAHbIC IOpsiaka Kk, k =1, hyHkiuu (z - x,)' paBusi 0 B

TOUKe z=X,, a (z—- xo)')(') =

PaBeHcTBO ¢(x) =0 cnpaBeasinBo 1o BeIOOpy A. [lns moboro 1<k <n

f O (x
HUMEEM, COIIacHo JokasanHoMy Beime o (x,) = f(x,) —%- I'=0

Bce ycnoBus cienctBust reopemMbl 23.2 (Posis ) BBIIOTHEHBI, TOITOMY

CYIIIECTBYET TOYKa & €[X,, X], Takast, uro o (£)=0. Ho

P (2) = £ ()~ A-(n+1)!, snaaur 0= f V(&) — A(N+1)! re.

B f(n+1) (g)
~ (n+1)! 4)

BcnomunaeMm, uto ¢(x) =0 ¥ ojacTaBisieM X BMecTo z B popmyny (3),

yauThiBas (4):
0= £ (0= Fxg) = /()X = Xp) =m0 (y f((nﬂ)if,)( x,)"™, w0
O3Ha4acT.
(n) (n+1)
00 = £ () + 100X x40 oy o+ LB sy, e, 19)

(n+1)!
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Cnyqaﬁ, KOTrJa X < X, BIIOJIHC aHAJIOTUYCH W IIPUBOAUT K TAKOMY KC

paBeHCTBY (5).
3ameuyanus:
. Yacto BMecTO & MUIIYT X, + (X —X,), r1e 0<6 <1 u Ha00OPOT, KAKIOMY

TakoMYy 0 <0 <1COOTBETCTBYET YUCIO & MEKAY X, U X.

o YacTo BMECTO TOUKHM X, MUIIYT IPOCTO X, a BMECTO X HMUIIYT X +AX U

dbopmyna Teiisopa npruoOpeTaeT BUA:

" (n) (n+1)
F(x+aX) = F(X) + f'(X)AX+%AX2 +...f—I(X)(AX)” XNy
n!

(n+1)!
0<6<1 (6)
. B cnyuae, Korja X — He3aBUCHMasi lepeMeHHasi, WK JMHeiHas QyHKIMsS OT
He3aBUCHMO# nepeMenHoH, ax = dx , u df 0 (x)= f© (X)Axk :

O6o03HaunUM f(x+ax) - f(x)=Af(x). [Ipu aToM popmymna Teitnopa 3anuckiBaeTcs

TaK:

B d2f (x) d"F(x)  d™F(x + 6ax)
Af(x)_df(x)+—2 L ()] (7)

o Oco6enno vacto popmyna Teinopa ucnonaszyercs, koraa x, =0. Torga

X=X, +AX=Ax H

Af (0) = '(0) +

f"2(0) L L4  d™(om (™ @)

n! (n+1)!

DTy hopMyIy 4acTO HA3BIBAIOT Takxke ¢popmynoit Maknopena (Mac-

Laurin).
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bunem 27. @opmyna Teiiiopa ¢c ocmamouHvim YieHOM 6 hopme

Ileano

Teopema 27.1 (Oopmymna Teiopa ¢ 0CTaTOYHBIM YJICHOM B

dopwme Ileano (G.Peano)). ITycTs B OKpecTHOCTH U(x,) TOUKH X,
CYIIECTBYIOT M HEMPEPBIBHBI f(x), ... f"(x). [Iycts f®(x)

CYILIECTBYET B U(X,) ¥ HENPEPHIBHA B TOUKE X,

Torna

(”’(xo) Y
AF (%) = T/(X)aX+...+———2aX" +0((aX)") npu ax -0 (1)

Jloka3aTeabcTBO. Vcrosib3yeM npeaplIyIyo TEOPEMY, B KOTOPOH YHUCIIO N

3aMeHUM 4ucioM n-1. Torga

f(n 1}( I:I]'( )n—l f[m( )M

(r—1)! , TIE & — MEXK]
Y X, H

X. )

af(xg )= (3 )ax+..+

IIpn AX — 0 Kak X, TaKk U 3aKIIOUYEHHOE MEXKIY X, U X YUCIIO & CTPEMATCS K
X, . BBuny "HenpepsiBHocTH f ™ B TOUKe X,, f™ (&)= f™(x,)+a(x), rme a(x) =0

Ipu X — X,, T.€. IpU AX = 0.

[loacrasnsis B (2), mostydaem:

Ak (%), X)

okl !

af () = J(xg)ax +..+ (4x)"

rae a(x) » 0 mpu Ax — 0, OTKyZa cpa3y CIEAYET 3aKII0YEHUE TEOPEMBI.

JaMeuyaHud:
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o Bwmecto dpopmyn (7) u (8) npenpiayiiero naparpada uMeem,
2
d 1‘2(X)Jr . d"f(x)

cootBeTcTBeHHO, Af (X)=df (X)+ + 0((AX) ) mpu

AX—>0.U

+0(x"),x = 0.

Af (0) = £'(0) + f”2(0) +...+dnf(0)

L YTBep)KIIeHI/Ie TCOPEMBI OCTAHCTCS CIIPAaBCAJIMBBIM, €CJIN MPCAIIOJIOKNTD,

YTO B OKPECTHOCTH U (X,) TOYKH X, CYLIECTBYIOT U HEMPEPLIBHEL f(X), ...

f OV (x) uuro cymectayer f™(x,).

Ha 3x3amMeHe 3T0 10Ka3bIBATh He TPeOyeTcsl, 0IHAKO HUXKEe NIPUBEICHO

A0Ka3aTECJIbCTBO 3TOI'0 YTBEPKACHUA — JISA TEX, KOMY 3TO HHTEPECHO.

JlokazaTh ero jierde Bcero, MCHoJib3ys npaBuiio Jlonurtans (Borpoc28).

Teopema 27.2. +29.5. [IycTh B OKpECTHOCTH U(x,) TOYKH X,

CYIIECTBYIOT M HEMPEPBIBHBI f(x), ... f"™(X) U mycTh CyIecTByeT
f™(x,). Toroa

AF (%) = T'(X)AX+...+ (n:](XO)AX” +3((AX)”) npu Ax —0.

Jloka3zaTeabcTBo. O003HAYUM

T.(x)= f'(XO)AX+...+%AXn,AX=X—Xo, R(X)=f(X)-T (x) u

R
paccMOTpuM OTHOIIeHHE (X) = ”—(X))n . ITo mpaswmy Jlonurans( Teopeme 28.1),
npuMeHEHHOMY N —1 pa3, umeem
' (n-1) (n-1) _T(n-1)
|imRn—(X)_|imRn—(X)_ _|imRn—(X)_l|im ) -T, " (x)

% (X—X,)" oo n(X—X%)" T ownl(x—x,)  nhex (X=%,)"
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Us onpenenenns T (X) cneayer, uto TV (x) = £ OV (x))+ ™ (x,)(X = X,)

IToaTomy

(n-1) (n-1) _ f(n-1)
lim a(x) = lim —2 (XZM L |im( o= 17700) g <"1>(x0)j _
X—>Xg X—>Xg ((X _ Xo)n ) N1 x—x X=X,

:%(f (%)= £ (%,))=0.

910 03navaeT, uto R (X)= f(X) —T (X)=a(x)(AX)" = o((Ax)”j,AX — 0, uro

1 TpeOOBaJIOCh JOKA3aTh.
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Bunem 28. Paznoscenun ¢pynxyuii €°, sinx, cosx, Inx, (1+x)*

[Ipumenum gokazanuble Gopmysbl Telnopa K QyHKIMSIM, TepeUnuCIeHHbIM

BBIIIIC.

1) Tak kak (e*)'=e*, ms BceX k € N BBITIOJIHSACTCS PABEHCTBO
(eX)(k) — ex

CrnepnoBaTtenbHO, BCE 3TH NPOU3BOHBIE paBHBI 1 mipu X=0.

2 n n+1

X X X
[TosToMy € =1+ X+ St e . (D! riae & — HeKoTopasi TOuKa MEXIy
n! n+1)!

0 u X. Jlpyras 3anuch 1 Touku & : € =0 X, 0 <0 <1. D10 — pasnoxkeHue €* ¢

OCTaTOYHBIM WIEHOM B popme Jlarpanxa.

dopmyaa Teiinopa ¢ ocTatouHbIM wieHoM B Gopme Ileano as *

MMPUHUMACT BU]J]

X XZ Xn - n
e' =1+x+—+..+—+0(x"), x—>0.
2 n!

2)IIepeitném k GpyHKIUAM SINX, COSX:

(sin x)'=cosx, (sinx)"'=(cosx)'=—-sin x, (sin x)"'=(-sin X)'=—-cos X,

(sin x)"Y = (=cos x)'=sin X u T.1.
DTH paBeHCTBA 03HAYAIOT, 9TO (sin X)™ = (sin x) "*** ms ar060r0 ke N .
- (n) _ - nﬂ
[ToaTtomy umeet mecto popmyna (sin x)™™ =sin(x + 7) , KOTOPYIO JIE€TKO IIPOBEPUTH

s N=0,1,2,3, a 111 ocTanbHBIX N OHA BEpHA BBUY YCTAHOBJIEHHOTO PABEHCTBA

(sin x)™ = (sin x) ™),
[ToaTomy npu X=0 nmeem:

npousBoaHas nopsaaka 4K pasna Sin(0 + 7) =0;
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47zk+7z)

npoussoaHas nopaaka 4k+1 pasuma sin(0 + = sin(27k + 72Z) =1;

. 4 2
npou3BoHas mopsiaka 4k+2 pasua sin(0 + ﬂk;ﬁ) =0;

. Ak + 37 . 31
npousBoaHas nopsaka 4k+3 pasna SIH(T) = Sln(7) =-1.

CnenoBaTtebHO,
. 2n+3
W xE w2+ y2+2 sin(& + )
H n 2n+3
sinX=X——+—+...+(-1) +0- + X
3 9 @n+1)! (2n+2)! (2n+3)!

rae & nexut mexay 0 u X.

3nech — HEOObIIas XUTPOCTh. MBI Pa3I0XKUIN PYHKIHUIO 10 YJIEHOB CTEIICHU

2n+2
- X

2N+2 , 4TO MO3BOJIWIIO CJEIaTh MOTPEIIHOCTh MeHbIeH. KoHeuHo, uiieH 2
n+2)!
BBITIMCHIBATh HE HAJI0, OH paBeH 0, a 3/71eCh OH ObLI MOMENIEH TOJIBKO JIJIst

Pa3bICHEHHUS BBILICYIIOMSIHYTOW «XUTpOCTH». MTak

+3

. 2n
3 5 2n+1 sin(& +

)
sinx:x—x—+x—+...+(—l)n X + G
3 5l (2n +1)! (2n+3)!
AnHanoruyso,
(cosx)" = cos(x+nzﬂ) u
2n+2 e
X2 x4 (_1)nX2n cos(& + )X2 ?
cosXx=1-—+—+...+ +
2 4 (2n)! (2n+2)!

Pasnosxenus aiis SinX u CoSX o popmyse Teimopa ¢ OCTATOYHBIM WICHOM B

dbopme [leano UMEIOT BUI:

3 2n+l =
sinx:x—X—+...+(1)n +0(x**?), Xx—0
3 (2n+1)

2 2n
cosx:l—X2|+...+(—1)n X

ot 0(x™1) , X—0
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3)Iepeiiném k pyakiuu In(1+ x) . E€ mocaemoBaTeibHbIe IPOU3BOIHBIC

PaBHBI:

(IN(L+ x))'= 1+1X —(1+x)7,

(In@+x))"=(A+x)™")'=-1+X)” u T.1I.

(In@+x)% = (=D (k -D!(L+x)*

Berauciennast npu x=0, mpou3Boanas nopsiaka K pasaa (-1)"*(k —1)!
[ToaTomy

2 3 —_1\n-1 _\Nn N+l
In(1+x):x—x—+x—+...+( DTy ED°X 1+,
2 3 n n+1

rae & — HekoTopas Touka Mexay 0 u Xx.

Paznosxxenue ¢ ocratounbiM wieHoM B (hopMme [leano nmeet BU:

X" +0(x")

XZ (—l) n-1
n

N1+ x)=X——+...+
2
4)HaxoHel, BEIYUCIMM MOCIIEN0BATENbLHBIE TIPOU3BOIHBIE QYHKIUH (1+ X ) :

N ) ¥ )
(@+x) ) = p@+x)y?, @+x), = pu(e-0a+x)7, ...,
(@+xy jk) = pu(u-1)...@A+x)™.
Borunciennas B Touke X =0, npoussoaHas nopsaka k papHa
u(u —1). -k +1).

[Toatomy dopmyna Teistopa ¢ OCTATOUYHBIM YJIEHOM B (hopme

Jlarpan»a umeer BUA:

L+ x) =1+uX+”(“2|_l)X2 +u(u—é)l(u—Z)Xs+m+u(u—1)..r.ﬂ(u—n+1)xn N

e S ) PV
iy e
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roe & - MCIKOY 0 1 Xx. DTO TaKk Ha3bIBacMOEC 6uH0JnuHaJ1bH0epa3onfceHue

C OCTaTOYHBIM WiieHOM B (hopme Jlarpanka. Ta xe ¢popmyna ¢ OCTaTOUYHBIM

yyieHoM B (hopme Ileano umeer Bunu:

p(u-1). (u-n+1)

x”+5(x”], Xx—0.
n

@+ x) =1+ px+...+

B kaudectBe npumepa npuMmeHeHus Gopmyisl Telnopa paccMoTpum

3a7a4yy HaxoxaeHus V1000 ¢ TtouHocThio 10 0,001.

CHauasna nmoJaroToBuM ee K npuMeHeHuto ¢hopmynsl Teinopa. s

3TOTO, 3HasA, 4TO 2'° =1024 , IEPETHIIEM BBIUUCIIIEMYO BEJIUUNHY B BUJIC
Ho
2.1{/1000 - 2.1{/1_£ _ g(l_i] _
1024 1024 128

Hcnonb3zyem OMHOMUHAIBHOE Pa3iiokKeHUe IpH

1 3
X=——r.
10 128
Yucnio n 4jIeHOB pa3iioKeHHUs BbIOepeM, UCXOs U3 3aJaHHOU

TOYHOCTH. J[JIT 9TOro HaiJaeM n Takoe, YTOObI:

110(110(21)(110”] o2 <oo00s @

(Toraa mpu YMHOXKEHHU Ha CTOSUHN Briepean KoddGuimeHT 2 nojiyyaem

Tpedyemyto Tounocts 0,001).

OueBuIHO, YTO:

1(1 1
—| —=1(.]-—=-n
10(10 ] (10 ]L 1 1
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3 125
anee, & -mMexay 0 U ——, modToMy ——<1+é<1lm
A 3 1y 28 Y g <1*+¢

n+1 n+1
(%] > (%] @+ 51

125 125

IIOATOMY

[128 3 ]n+1 [ 3 ]n+1 l n+1
<= |=|—=| <|—
125 128 125 40

Urak, abconroTHast BeIMUMHA JIEBOU yacTh HepaBeHCTBa (1) He

D

OoublIIe, YeM

1 1 1
. _ 2
10 (n+1) (40)" @
[ToaTomy ecnu uncno (2) okaxercst menbiie, yeM 0,0005, To u
ocTaTouHbId wieH ¢popmyibl Oynet meHsbine 0,0005 u Tpedyemasi TOUHOCTH OyIeT

JIOCTUTHYTA.
Cpa3zy sicHO, uTo nipu n=1

Yucno 111 = 1 <0,0005.

10 2 40% 32000

[ToaTomMy TpeOyeMyt0 TOYHOCTS ISl TPUOJIMXKEHHON BETUYUHBI AT

npubmmkEHHas Gopmyrna:

3 3
91000 ~ 2+ 2~ S |=p- 3
10 ( 128) 640
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bunem 29. Ilpaeuna Jlonumansn

IIpuBenéHHbIE HUXKE TEOPEMBI IPUHAIIEKAT, B OCHOBHOM, JlonuTainto

(G.F.de I’Hospitale) u U.bepuymnu (Joh.Bernoulli).

29.1. HeonpeaeJéHHOCTHL THIIA 6

Teopema 29.1. ITyctb: 1) dynkuuu f(X) u g(X) onpenencHs! B

npomexyTke (8, b], 2) |im f (0 =0,]ljma(x) =0, 3) B mpomexyTke (a, b]

X—a+0 x—a+0
CYIIECTBYIOT KOHeUHBIC mpou3BoubIe T’ (X) u g’ (X), mpuuém g’ (X) # 0, u
HaKoHell, 4) CylecTBYeT (KOHEUHBIN WUJIM HET) Mpeel

LG B
!LEL! 9'(x)

Torma n

lim— ) =k

x—ar0 J(X)

Joxka3zaTeabcTBo. [Jononaum onpesenenne ¢pyakiuit f(X) u g(x), moaoxus
ux npu X = a paBabiMu HyIro: f(a) = g(a) = 0. Torna 3Tu GyHKIUU OKAXKYTCS
HETPEPHIBHBIMHU BO BCEM 3aMKHYTOM MPOMEXKYTKE [@, D]: ©X 3HaYCHHUs B TOUKE a
COBMAJAIOT C mpenaenamu npu X—a + 0 [BBUaY 2)], a B MpOYUX TOYKAX
HETPEPHIBHOCTH BBITEKACT U3 CYNICCTBOBAHUS KOHEYHBIX TIPOU3BOIHBIX [CM. 3)].

ITpumenss Teopemy Komm, nomyaum

f(x)_f(x)-f@ _f'()
g(x) g(x)-g@ g'()’

riae a<Cc«X. To obcTosrenbeTBo, uro g(X) £ 0, T. €. g(X) £ g(a), ecth
cieacTBue npeanoiaoxeHus: g'(X) # 0, kak 3To ObLJIO YCTAHOBJICHO TPU BBIBOJIC

dbopmynsl Komn.
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Korga Xx—a, oueBuHO, U C—@, TaK 4TO, B CUITYy 4),

(0 . £
im0 =My =

4TO U TpeOOBaNIOCh 10KA3aTh.

Takum 00pa3zoM, JoKa3aHHAs TEOpEMa CBOAUT MPeEeN OTHOLEHUS (PYHKIIMI

K Ipezeiny OTHOLIEHUS POU3BOIHBIX, €CIIM MOCIEAHUN cylecTByeT. Yacto

OKa3bIBACTCA, YTO HAXOKJACHHUC MMPCACIa OTHOMCHHA MPOU3BOAHBIX ITPOLIC U

MOXET OBITh OCYIIECTBIICHO JIEMEHTAPHBIMU MPUEMAMHU.

Teopema 1 yierko pacrpocTpaHseTcs Ha ClTy4ail, KOorja apryMeHT X

CTPEMUTCS K OECKOHEUHOMY Ipefieity: d = +oo . IMEHHO, UMEeT MECTO, HalpUMeED.

Teopema 29.2. ITyctb: 1) dynkuuu f(X) u g(X) onpenencHs! B

IpoOMeEXyTKe [C, +o0), rae 0, 2) |lim f(x) =0, |limg(x) =0, 3) CyIIecTBYIOT

X—>+00 X—>+00

B IIPOMEXKYTKE [C, +00) KoHeuHbIe pou3BoiHbIe '(X) u g'(X), mpuuém

g'(X) # 0, u, HakoHell, 4) CymecTByeT (KOHCUHBIN WIIH HET) Tpe/Ie

)
lima

Torna u

0
im0

e

t:

X |~

JlokazareabcTBO. [Ipeobpaszyem nepeMeHHyIo X 1o popmyiie X =

Torna, ecnu X—+oo, T0 t—0, 1 06patHO. BBUY 2), nMeeM

. 1
I|mf[ ] 0, Ilmg(;]=
t—>+0 t—>+0

a B cuiy 4),
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1 1 o o
K ¢ynkumsam f ik g n OT HOBOM MEPEMEHHOM t MOKHO MPUMEHUTH

teopemy 28.1, 4TO 1acT HaMm

Iimﬁlimmlim =K,
N

a Toraa 1

TGN
im0

29.2. HeonpenejJéHHOCTH BIA 2;
o0

o o o0
OO6patuMcst K pacCCMOTPEHUIO HEONPEIEAEHHBIX BEIPAKEHUM BUIa —, T. €.
o0

UCCIIeyeM BOIPOC O mpejere oTHomeHus 1ByX ¢pynkiuid f(X) u g(X),

CTpeMsIIuxcs K +oo (mpu X—a + 0).

B sTOM ciydae npuMeHHMO TO ke npaBuiio JlonuTans: ciaenyromast

Teopema ecThb npocTtas nepedpasupoBka Teopemsi 28.1.

Teopema 29.3 ITycts: 1) dynkuuu f(X) u g(X) onpenencHs! B

npomexyTke (@, b], 2) [im f(¥) = +», |imy(x) = +o, 3) CYIIECTBYIOT B

x—a+0 x—a+0
npoMexyTke (@, b] koneunsie mpousBoaubie f'(X) u g'(X), mpuuém g'(X) #

0, 1, HaKoHell, 4) cylIecTBYET (KOHEUHBIN WIIM HET) MpeAeI



L F00
!LEL! 9'(x)

Torma u

im f0
!LEL! g(x)

Teopema 29.4 ITycte: 1) dynkuuu f(X) u g(X) onpenencHs! B

npoMexyTKe[C, +00), rie ©0, 2) |imf (x) =+, [jmy(x) =+, 3)

X—>+00 X—>+00

CYIIECTBYIOT B IPOMEKYTKE [C, +00) KOHeUHBIE Tpon3BoaHbIe '(X) u

9'(X), mpuuém g'(X) # 0, u, HaKoHeI, 4) CyIecTBYET (KOHCUHBIN W

HET) npeaen

()
im-

Torna u

i T
IerD g(x)

Teopemsr 28.3 n 28.4 nansl BE3 [IOKA3ATEJIBCTBA. Ha sk3amene

CJelyeT 3HaTh UX POPMYIUPOBKH.
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ITpaBuio Jlonurans mo3BOJSET JOKa3aTh 3aMeUaHUE, CASIAHHOE B KOHLE 26

BOIIPOCA.

Teopema 29.5+27.2. [IycTh B OKpecTHOCTH U(X,) TOUKH X, CYIIECTBYIOT U

wenpepbiBHbl f(x), ... O (X) unycrs cymecrayer f™(x,). Torma

af (%) = F/(X,)AX +...+ (n;(XO)AXn+3((AX)n) MU AX — 0.
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Jloxka3zaTeabcTBo. O003HAYNM

T.(x)= f'(XO)AX+...+%AXn,AX=X—Xo, R(X)=f(X)-T (x) u

R
paccMOTpuM OTHOIICHHE o (X) = % . ITo mpaswuy Jlonmurans( Teopeme 28.1),
X=X,
npuMeHEHHOMY N —1 pa3, umeem
' (n-1) (n-1) _T(n-1)
|imLX)n:|i L)nl:_uznml:\)n—(x):l”m f (X) Tn (X)
=% (X=%)" % n(X—X,) =% Nl(X—X%,) nhox (X—=X%,)"

M3 onpenenenns T (X) crenyer, uto TV (x) = £V (x))+ (X, )(X=X%,)

Jloaromy

(n-1) (n-1) _ f(n-1)
lim a(x) = lim —2 (XZM L |im( o= 17700) <"1>(x0)j _
X—>Xg X—>Xg ((X _ Xo)n ) N1 x—x X=X,

1
- ﬁ(f " (%) — £ (XO))= 0.9T10 03Hauaer, 4TO

R,() = f () =T, (x) =a(x)(AX)" =0((AX)"),Ax — 0, uTo 1 TpeGoBanoCck

JOKa3aTh.
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bunem 30. Monomonnocmo dhyuxuuu. /locmamounvie ycioeus

IKCmpemyma hyHKuuu

Hanomuum ocHoBHbIe onpenenenus 10.1°.

Omnpenenenue 30.1 Oynkmus | (X), onpe/iesieHHas Ha POMEXyTke X , gozpacmaem

Ha 9TOM IIPOMEXYTKE, €CIIH IS TH0ObIX X;, X, € X, X; < X, UMEET MECTO HEPABEHCTBO

f(x, )< f(x,).

Oynukius f (X), olpezieJIeHHasl Ha IPOMEXYyTKke X , He yovleaem Ha X , €CIIU JUId

MOBHIX X, X, € X, X, < X, uMeeT Mecto HepaenctBo (X, )< (X, ).

Oyukuus f (X), orpeJieNieHHast Ha IPOMEeXyTKe X , yovleaem na X , €CIH JUIs JTIOOBIX

X, X, € X, X, <X, uMeer Mecto HepaenctBo f(x,)> f(X,).

OyHKINA f(X), olpezieJICHHasl Ha IPOMEXYTKe X , He go3pacmaem Ha X , €CIU JUIS

MOBHIX X, X, € X, X, < X, uMeeT Mecto HepaenctBo (X, )> (X, ).

OO11ee Ha3BaHUE PACCMOTPEHHBIX (YHKIUHN - MOHOMOHHbIE YYHKUUU.

ScHo, uTo ecnu GyHKIHS Bo3pacTaeT Ha X , TO OHa, TeM OoJjee, He yObiBaeT HA X (HO

HEe Ha000pOT). AHAIOTHYHOE 3aMeUaHie CIPaBeTUBO Ui yObIBatoIel ()yHKIIUH.

OO1ee Ha3BaHKE BO3PACTAIONINX, YOBIBAIOIINX (QYHKIIUN — CHIPO2O MOHONIOHHbLE

dyukuyuu.

Teopema 30.1. [Tycts Qynkius f(x) nmuddepenuupyema Ha

uHTEpBaje (a,b). OHa He yObIBaeT (HE BO3pacTaeT) Ha (a,b) TOra U
TOJIBKO TOTJIa, KOTJIa I BCEX X < (a,b) BBITIOIHSAETCS HEPABEHCTBO
f'(x)>0.

Tlokasateabcrno. ITycts f(X) He yobiBaer Ha (a,b) (ciyuait Heo3pacTamus

paccMaTpHBaeTcs aHATOrH4HoO). Torna paccMOTpHM MPOHM3BONBHYIO TOUKY X € (a, b) u
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npupamenns AX Takue, uto X+ AX € (a,b). Ecnmu AX >0, 10 f(X+AX)- f(X)>0u

f(X+AX)- f(x)>0
AX o

f(x+Ax)- f(x)

> 0. Ilpenen
AX P

Ecmn AX <0, 10 f(X+AxX)- f(x)<0, HO BCe paBHO

lim f(x+Ax)—f(x)

cymectsyer u paser T '(x). ITo Teopeme 9.1 sroT npezen > 0.
Ax—0 AX

O6patHO mycTh st Beex X € (a,b) Bemonnsercs mepasencreo f'(x)> 0. Iycts
X, X, € (a,b), X, <X, .Korpesky [X, X,] MOxxHO mpuMeHUTH Teopemy Jlarpamxka.
Tleiicteurensro, T.. f(x) mubdepenmupyema na (a,b), To ona HenpepsiBra Ha (a,b), a,
3HAYUT, U HA [le X, ]c (a, b). Taxke 1o ycrnosuto oHa auddepentmpyema Ha (X, X, ) c(a, b).

Crnenopatensro, f(x,)— f(x, )= f'(&)x, —x)>0.

Teopema 30.1 gomyckaer yrouHeHHe

Teopema 30.2. ITycts f(x) nuddepenuupyema Ha (a,b) U 1715 BCex

x € (a,b) BBIIOJIHSIETCSI HEPABEHCTBO f'(x)>0. Torma f(x) Bo3pacTaeT Ha
(@b).

Jloka3aTebeTBO. Kak u B mpeapIyIiei Teopeme, moaydaeM, u4To IS JTF0OBIX

X, X, € (@,b), X, <X,, HMEeT MECTO HepaBEHCTBO

f(Xz)_ f(Xl): f'(g)(xz _X1)> 0.

3aMmeuanue:

VTBepKIaTh, 4TO ey GYHKIMS BO3PACTAeT, TO Ui BCeX X € (a, b)BI)IHOJIHSIGTCSI

HepaBeHCTBO f '(X)> 0 nenb3s. [Mpumep pynkiun f (X): x° MOKa3BIBAET, UTO XOTS 3Ta

(byHKIMS BO3pacTaeT Ha BCel MpsAMOii, ecTh Touka X =0, B KoTOpoi#i ee mpou3BoaHas pasHa 0.

Takum o6paszom, gaxe Bozpacranue GpyHkimn f (X) rapaHTupyer, o reopeme 30.1,

UL HecTporoe HepapeHctBo f/(X)>0.
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B teopeme 24.1 ycraHoBiieHO He0OX0AUMOE ycioBHe dKcTpemyma: Eciu pyuxuusn f

umeem npouszeoonyro f' ¢ mouxe skcmpemyma X, mo f '(X): 0.

Kaxk nokasbpiBaeT npuMmep U3 MpeabLayiero 3aMmedanus, f (X) = x°, 9T0 ycnosue He

SABJISACTCA JOCTATOYHBIM.

Teopema 30.3. ITycth GpyHKIMSA f(X) HEOPEPHIBHA B HEKOTOPOU

OKpecTHOCTH U, (X,) mmyctb f'(X)<0 s Beex Xe (% —6,% ) n
f'(x)>0 must Bcex X € (X, %, +6 ). Torna x, - Touks MuauMyMa. Ecim ke
f'(x)>0 must Bcex Xe(X)—68,% ) u f'(x)<0 mus Bcex X e (X, X, +8), TO

X, - TOYKa MaKCHUMYyMa.

Hoka3zarenbcerBo. [IpoBeném noka3arenbCTBO I TOYKM MUHUMYyMa. [TycTh

X, €U (X,), 1 X, #X,.
Ecmu X, < X,, TO IpUMEHUM TeopeMy Jlarpanxxa K oTpe3Ky [Xl, X, ]:
f(X )= F(x.)= (€)X, —%)<O0.
Ecmu X, > X, , To npuMeHUM TeopeMy JIarpanika K OTpe3Ky [XO, Xl]:
f(%, )= F(x.)= (&)X, —%)<0,

Mostomy f (X, )— f (X1)< 0. Takum o6pa3oM, X, - TOUKa MUHUMYMa.

Teopema 30.4. ITycth f(x) f'(x)eCU(x,)), f"(x) cymiecTByeT B U(x,)

u f'(x)eC(x,). [lycTh x, TakoBa, 4TO f'(x,)=0, f"(x,)#0
Torma ecnu £(x,)<0, TO x, - TOYKA MAKCUMyMa, €CIu f"(x,)>0, TO X, -

TOYKa MUHUMYMaA.

Jloka3aTebCTBO. YCIOBUS TEOPEMBI JAIOT BOBMOKHOCTh IPUMEHUTH (GOPMYITY

Teitnopa ¢ ocratounsiM wieHOM B Gopme [leano, T.e. Teopemy 26.1, coriiacHo KOTOPOH, ¢

yuétom pasenctpa f '(Xo] =0, umeem:



f(x +Ax)-f(x,)=f (xO)Ax+ ) 0)Ax 2+ a(Ax)- Ax? ;X‘))Ax2 +a(AX)- AX?,

rjae a(AX)—) 0 mpu Ax — 0.

[£7(%)|
4

. Tax xax a(AX)—) 0 mpu AX — 0, cymectByer 6 >0 Takoe, 4To

| f ”(X01
4 .

Ilycts ¢ =

JUTSL TIOOBIX AX : |AX| < 0 BBITOJHIETCS HEPABEHCTBO |a (AX) <g=

f"(x
DTO 03HAYAET, YTO MOJLYIIh BTOPOTO CJIAraeMOr0 B CyMME %‘))sz +a(Ax)AX® me

(o)

2 o
MPEBOCXO/IUT MOJIOBUHBI MOAYJISI IIEPBOTO CJIAraeMoro, T.€. TAX , IOATOMY 3HaK 3TOMN

(o)

2 o~
CYMMBI COBIIAAACT CO 3HAKOM TAX . Ho 3Hak 3Toli BeIMYNHEI COBITAJacT CO 3HAKOM
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f"(x, ) xax mpu AX >0, tax u mpu AX < 0, tax xax (AX)® > 0. CnenosarensHo, npupamenue

f (X, + AX)— f(X,) He MeHseT 3HAK B OKPECTHOCTH TOUKH X, , M 3HAK €TI0 COBMAAET CO 3HAKOM

f"(X, ). D10 1 o3mavaer, uro ecmm f"(X,)< 0, T0 X, - Touka Makcumyma, a ecii T "(x,)> 0,

TO X0 - TOYKa MUHHUMYMa.

Emé G6osee TOHKMI T0CTATOYHBIHN MPU3HAK SKCTPEMYMa COJIEPKUTCS B CIEAYIOIMIEH

TeopeMe.

Teopema 30.5. ITycthb f(x) f'(x)... f "2 (x)eCU(x,)), f™(x)

CYIIECTBYET B U(x,) U f™(x)eC(x,). [IycTb Touka x, TakoBa, 4TO
f'(x,)=..= T"V(x,)=0, a f™(x,)=0. Torga ecinu N — YETHOE YUCJIO, TO B
TOUKE X, €CTh SKCTPeMyM, MUHUMYM 1ipH f ™ (% )>0, MaKcuMyM mpu

f™(%)<0.

Ecnm ke N — HeY€THOE YUCII0, TO B TOUKE X, DKCTPEMYMA HET.
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Jloka3zaTebcTBO. AHAJIOTUYHO MIPEBIAYIIEH TEOPEME, ITOTY4aeM PABEHCTBO
%) \ o :
f (%, +Ax)- f(x,)= —IAX +a(AX)AX", tae a(Ax)—> 0 ipu AX — 0, u3 KOTOpOTO
n:

TOYHO TaK e CIeyeT, 4To 3HaK mpuparmenus f (X, + AX)— f (XO) COBITIAJIACT CO 3HAKOM

(n)
foXO)AX” IpH yCIOBUH |AX| <d .

Ecnu n — yétHoe umnciio, To, Kak M B peablyieii Teopeme, AX" > 0 kak mist AX >0, tak
u s AX < 0, mo3ToMy 3HaK MpHpAIIEeHUs COBIAAaeT co 3HakoM f (”)(XO) U 3aKJIIOYEHUE

TECOPEMBI CTAHOBUTCA OYCBHUIHBIM.

Ecnu sxe N — Heu€THOE YKcIno, TO BennunHa AX" monoxuTeapHa mpu AX >0 u

oTpurarensHa npu AX < 0, mostomy npuparmenue f (X, + AX)— f (XO) MEHSIET CBOM 3HAaK B

HpOH?;BOJIBHOfI OKPCCTHOCTHU TOYKH X0 , CJICOOBATCIbHO, B TOYKEC X0 HCT OKCTpPEMYyMa.
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bunem 31. Boinykiocmo 2pachuxa ¢pynkuuu

ITycts f(x)eD(a,b). Toraa B kaxmoii Touke e€ rpaduka ecth KacaTeabHas,

ypaBHeHHE KOTOpoi: y— f (X, )= f'(X,)- (X=X, ).

Onpenenenne 31.1. dynxuus f (x) HazpIBaeTCA ebinyKoill ¢nu3 Ha (a,b), eciu
Vo, X € (a,b) f(x)—f (%)~ f'(X)(X—%)>0 (T.e. Touka rpaduka (x, f(x)) IeKHUT Hax

KacaTeNIbHOMU K 9TOMy rpaduKy B 1000it Touke (%, f (X)), X, €(a,b).
Buvinyknocms egepx onpenensercs ycnoBueM f (x)—f (x,)—f'(x,)(x—%,)<0.

Teopema 31.1 Eciu npousBoanast f’(x)- Bo3pactatomast Ha (a,b) gyHKIms, TO

f (x) - BeITyK;1a BHU3 Ha (a,b).

» f(x)-f(x)="f"(&)(x—% ), Tae & TeKUT MEXTY X, U X, 10 Teopeme Jlarpanika
BCE YCJIOBUS KOTOPOM, pazyMeeTcs, BbIOJHEHEI. IlycTh X, <& < x. Toraa

(x=%)>0 1 f'(&)> f(x,), MOITOMY

P =1 (%)= /(% )(x =% )= (f'(£) - (%)) (x=%,)>0.

Eci e X< & <%, T0 (x-x,)<0, f'(£)< f'(x,) ¥ cHOBa

FOO= (%)= 1) (x=% )= (F'(£) = (%), (x=%,)> 0 <

AHATOrMYHO JoKa3biBaeTes, u4To eciu f'(x) yobiBaer Ha (a,b), To rpadux f (x)-

BBINyKJ1asi BBEPX (PYHKITHS.

Ecmu f (x) mMeeT BTOopyro Ipou3BOAHYIO Ha (a,b), To U3 Teopemsl 1 cienyer:

ecmu f"(x)>0 Ha (a,b), To rpaduK GyHKIMN BBITYKIIBIA BHU3, ecii f”(Xx)<0 - TO

BBepX. B kauecTBe mpumepa paccmorpure pynknuo f (x)=x* u f(x)=-x".
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TO‘IK&, B KOTOpOﬁ HarpaBJICHUC BLIITYKJIOCTU MCHACTCA HAa IMIPOTUBOIIOJIOKHOC,

Ha3bIBaeTCs moukoi nepecuda. Ecnu cymectyer f’(x), T0, IOCKOIbKY B TOUKE

neperuda x, MPOU3BOJIHAS UMEET SKCTPEMYM, B HEW BTOpasi Npou3BogHas paBHa 0,

T.€. f"(%)=0.

Hanpumep, f (x)=x’ umeeT B x, =0 meperud, Tak Kak cieBa oT X, =0, T.e. IpH

x<0, f"(x)<0,amnpu x>0 f"(x)>0.
B camoii Touke x, =0, f"(0)=0.

Pazymeercs, paBeHCTBO f”(X,)=0 - 3T0 HEOOXOUMOE YCIOBHE TOUKH

neperuda. OHO He SBJISETCS JOCTaTOYHBIM, KaK MOKa3bIBaeT NpUMep (PyHKLMH

f (x)=x". OHa UMeeT BTOpYIO NPOU3BOAHYI0 f”(X)=12x", KOTOpas HE MEHSET
3HAK, HO oOpamaercs B 0 B Touke X, =0. OTa pyHKUMS BBITYyKJIA BHUA3 HA [ .

JlocTaTouHOE yCJIOBUE TOUKH Meperuda Aa€T Takoe yTBEPKIACHUE:

IMycts f(x), f'(x),..,f™(x) HempepsiBHAa Ha (@,b) U MyCTh B TOUKE X,

BBITIOJTHEHBI YCIIOBHS:
(%)== " (%)=0, f™(x)=0.

Torga eciam n - HEYETHOE 4quciio, TO X, - TOYKa nepern6a, acClIn N - 4YCTHOC

YHCIIO, TO B X, - HET meperuoa.

Jls1 nokasaTenbCcTBa UCTIONb3yeM Gopmyiy Teiaopa, ¢ OCTaATOYHBIM YJICHOM B

dbopme [leano:

f(“l)( ]

(n-1)

)(X X ) +a(X)(x=x%, ), 20e o (x)—>0 npu x — x,

(x—% )n_1 +

fO)—1 (%) F'(%)(x=%)= ( ](x x)+ A—_—

f (n) (X

o)
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W3 ycnosuii cienyet, 4to

, (%) n n
f(x)-f(x)-f (xo)(x—xo):w(x—xo) +a(X)(x=%) .

Paccyxmas, Kak B Cllydae BOIPOCa 0 TOYKaX IKCTPEMyMa, TOJy4aeM, 4To 3HaK
IIPaBoOii 4acTu coBnagaet co 3HakoM f ™ (x,), €ClIi N - YeTHOE YKCII0, U MEHSCTCH,
€CAM N - HEYETHOE YUCIIO (IPH X U3 OKPECTHOCTH TOUKHU X, ). ITO JOKA3HIBAET
yTBEPIKIECHUE.

I[anee MPUBOAUTCA yCHO)KHéHHBIﬁ BAapHaHT J0Ka3aTCICTBA

31.1. BuINyKJOCTh HENPEPLIBHOI GYHKIIMI

Onpenenenue 31.1'. HenpepoiBuas na untepsaie (a,b) dyuxuus f , HaspiBaeTcs gbinyknoii enus

(COOTBETCTBEHHO, 6bINYKIIO0l 66€pX), ECIIM NI TOOBIX Touek X, X, € (a, b) , X, <X, , n moboro yucna

4,0 £ A1 <1 cnpasennuBo HepaBeHcTBO
L= 2) (X)) +AF (X,) > (L= A)X, +AX,) )
(COOTBETCTBEHHO, HEPABEHCTBO
A-A)F(x)+AT(X,) < F(A-A)X +4X,)). 1)

B mpaBoii yactu HepaBeHctBa (1) crout 3HaueHue GyHkiwmu f B IPOU3BOIBHOM TOUKE

X = (1— A)X, + AX,, pacrionoxkeHHoii Ha oTpe3Ke [Xi, X2] , coleprkareMcs B uHTepBaie (a,b). Jleas uacts B
(1) BeIpakaeT coOO OpAMHATY TOYKU KOOPIMHATHON ITOCKOCTH, a0CIpicca KOTOpoi paBHa X = (1 — l) X, + le ,

0 < A <1, u koTopast IeXHUT Ha IPIMOIIHEIHHOM OTpe3Ke (xopae), coeaunsiomem Touku M 1 (Xl’ f (Xi)) U
M 2 (X2 , f (X2 )) rpaduka dyHkimu f.

Urax, ecnu HenpepbiBHast hyHKIus f BeIMyKIa BHU3 Ha uHTepBase (a,b), To 11 mro0bIX ero Touek
X,y X, € (a, b) , X, <X, , rpadux dynxumuu f Ha orpesxe [Xi’ X2] PACIOIOKEH HIDKE XOP/bl, CTATMBAIOIIEH

KOHIIEBBIC TOYKH rpaduka Ha ITOM OTpe3ke (CM. puc. 1, a)).
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| x ,flx I
(xoa flxg Hay flx 2 2 iz flxll

Puc.1

AHANOrH4HO, 3aKIIF0YaeM, YTO €CJIM HempepbiBHas GyHKIus f BeIMyKIa BBepX Ha uHTepBaie (a,b), To ams
TMOo0BIX ero Touek X, X, € (a, b) , X, <X, , rpadux pynkuuu f Ha orpesxe [Xi’ X2] pAacCIONOXeEH BEIIIE XOPIBI,

CTATUBAIONICH KOHIIEBBIE TOUKHU rpaduka Ha STOM OTpe3ke (cM. puc.1, b)).
O603Ha9UM (1— /I)X1 + /1X2 = X. Toraa /I(X2 - Xi) = X — X, otkyna

Ao XX g, X=X
X, =X X, =X

Hepagencrtso (1) npuHuMaeT Bua

F(0 S22 F(x) 4oL £ (x,), 2

27 M X, =%
WJIH, TIOCJIE YMHOKEHHsl 00enX JacTeii ero Ha MHoxkurens X, — X; > 0,
(XZ_Xl)f(xl)+(xl_Xz)f(x)+(x_xl)f(xz)20' ®3)

Iockombky X, — X; = (X2 - X) + (X - Xl) , TO TOCTIE AIEMEHTAPHBIX MPe0o0pa3OBaHM HEPABEHCTBO (4)

NepexXoauT B HECPABCHCTBO

PO =)  Tx) = T _ 109 T0x,)

X— X X, — X X— X,

(4)

cipaseyBoe s odoro X, Xy < X < X, .

Wrak, ycnoBue (1) paBHOCHIIEHO HEPABEHCTBY (4).
B ciydae BBITYKIIOCTH BBEpX 3HAKHM HEPAaBEHCTB (2)-(4) ciemyeT CMEHUTh Ha MPOTHBOIIOIOXKHEIE.

2. Boinykjocth _nugdepennupyemoii GyHkunu
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Teopema 31.1". JTnst Toro, uto0s! quddepeHnnpyemas Ha (a, b) ¢ynkuus f OblIa BBITyKIIa BHU3 (BBEPX)

. !
Ha 3TOM HHTEpBaJIe, HEOOXOIUMO U JIOCTATOYHO, YTOOBI €€ MPOU3BOIHAS () YHKIIHS f' ue yObIBana (He

BO3paCTaJ'Ia) Ha 5TOM HMHTCpBAJIC.

Joxa3aTeancTBO. J0Ka3aTeILCTBO MPOBEAEM JUTS BRITYKIION BHU3 (pyHKIMU. [JokakeM cHavaia, 9to e

MMpOMU3BOJHAs HE y6BIBaeT.

[Mycts [Xi’ X2] (@ (a, b) » X; <X, . lepexons B HepaBeHctse (4) k npezeny npu X —> X, , nomyqum:

f,(Xl)S f(XZ)_ f(xi) .

(%)
X, =%
[epexons B HepaBeHcTBe (4) K npeneny mpu X —> X, , NOTy4nM:
f(x,)—f
( 2) (Xi) S f,(Xz). (6)

X, =%

JCARRICO
s ),

W3 HepaBeHCTB (5) u (6) ClenyroT HepaBEHCTBA f '(Xl) <

O9TO U Tpe6OBaJ'IOCB JA0Ka3aThb.

OO0patHO, MycTh MPONU3BOIHAS (DYHKIHS f' he yOBIBaeT Ha (a, b). [ycts [Xi’ X2] (@ (a, b) ,
X; <X, . CrnenyeT n0Ka3aTh, 4TO BBIIOIHACTCA HEPABEHCTBO (4). I 3TOro 3aMETHM, YTO f (X)
nuddepeHIpyemMa Ha (a, b), CIIeZIOBATEIILHO, HENPEPhIBHA HA (a, b) Y HETIpephIBHA Ha [Xi’ X2] (- (a, b) .

Tornma o Teopeme Jlarpamka, MpUMEHEHHOU K OTPE3KY [Xl, X], e X; < X < X, , Haxozum:

FO)-fF(x) _ F'@)(x-x%)
X=X X=X

= f'(c), % <c <X, )

AHajioruuHo, 1o Teopeme Jlarpanixa, NpUMEHEHHOM K OTpe3Ky [X, Xz],

f(x)-f(x)  f'(c)(x—x)
X -X X=X

= f'(c,),x<c, <X,. (8)

Tak kak ' ne yObIBaeT Ha (a, b), BBITIOJTHSETCSI HEPABEHCTBO f '(Cl) <f '(Cz) , U3 KOTOpOro

cienyer, BBuAY (7) u (8), HepaBeHCTBO (4), pABHOCMIIbHOE BBIYKJIOCTH BHU3 paccMaTpUBaeMOi (hyHKIIHH.



148

Teopema 31.2. dynkuns f (X) , i depeHmpyemas Ha UHTEpBaJe (a, b),Torz[a U TOJIBKO TOTJa

BBIIYKJIa BHU3 Ha 9TOM MHTEpBaJle, KOrja Juls moboit Toukn X, € (&, D) u moboii rouku X € (a, b)

CIIPpaBCAJINBO HEPABCHCTBO

F(X)> F(X)+ F (X )(X=X%,).

HpOTI/IB OITOJIOKHOC HCPABCHCTBO

F(X) < F (%) + £ (%) (X = %,),
crpaBeuMBO Juts Beex, X, X, € (a, b) TOT'/Ia ¥ TOJNBKO TOTJIa, KOraa (hyHKIIHS f (X) BBINTyKJIa BBEPX HA (a, b).
Joxa3zartesabcTBo. Jl0Ka3aTeNbCTBO MPOBEAEM /ISl CiTydast BBIMTYKIIOH BHU3 QyHKIMH. [TycTh cHavaa

muddepenumpyemast QyHKIusI f (X) BBIMYKJIa BHU3 HA (a, b). Torna, xak ycraHosneHo B Teopeme 30.1,

crnpaBeuIMBBI HepaBeHcTBa (5) u (6). HepaBeHcTBO (5) MOXHO IIpeoOpa3oBaTh K paBHOCHIBHOMY BUY

FO) = F0)+ T/ (X)(x=%). (9

[Ipeobpa3oBaHKe COCTOUT B yMHOKEHUH 00€enX 4acTel HepaBeHCTBa (5) Ha MOJIOKUTEIbHBIA 3HAaMEHATENb
¥ 3aMeHe 00o3HaueHuii: Touky X; 3amenseM Ha X, , a Touky X, — Ha Touky X, cumras, uro Xy < X. Touno
Takke, npu X, > X, mpeobpaszyem HepaBeHCTBO (6), 3ameHss Touky X; Ha Touky X, aTtouky X, — Ha X .

IMocie aToro mpeodpa3oBaHUs CHOBA MOMYYUM HEPABEHCTBO (9).

Takum obpaszom, eciu quddepertmpyemas pyHKIHS BBITyKJIa BHU3 HA HHTEpBaJe (a, b), TO JUI BCEX

X, X, € (a, b) BEINOJNHsIETCS. HepaBeHCTBO (9). J{i1st BRINyKII0# BBEpX (QPYyHKIMK MUMEEM, COOTBETCTBEHHO,

F(X)< F(X)+ F (X )(X=X%,).
O06paTHO, mycTh s Bcex X, XO S (a, b) BBINOJHSETCS. HEPaBEHCTBO (9).

PaccMoTpuM Npou3BONBHBIE TOUKH X, X, € (a, b) , X; <X, . Ilpumenss HepaBeHCTBO (9) K Touke
Xy = X{ ucunras X = X, , MONy4MM HEPABEHCTBO f (Xz) > f (Xl) + f '(Xl)(XZ - Xl) , & IPUMEHSISL €10 K
Touke X, = X, W cuntas X = X;, MOJTy4aeM HEPABEHCTBO f (Xl) > f (Xz) + f '(XZ)(Xl - XZ) , Ha OCHOBaHUH
KOTOPBIX, € y4€TOM ycrnoBus X, — X; > 0, umeem

Fr(x,) 2 )= T0) S gy
Xy =%

CrnenoBatensHo, pousBoaHas Gpynkuuu ' e yObiBaer Ha (a, b). ITo Teopeme 30.1 dyHxIms

f (X) BBIITYKJIa BHH3 Ha (a, b)
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I'eomeTpuyecK CBOMCTBO BBIMYKIOCTH BHU3 Auddeperiupyemont Gpynkimu f Ha (a, b) O3HAYaeT, 4To €

rpaduk B mpejienax 3TOro HHTEPBaja pacholiaracTcs BhIle KacaTeNbHOW, MPOBEACHHOMN B 000 TOUYKe rpaduKa;

JUIS BBITYKIJIOH BBepX nuddepeHnupyeMoit pyHKINN KapTUHA ITPOTUBOMOIOKHAS (CM. pHC. 2).

a) v 6)

/\

Puc.2

3amMeuanue:
. Eciin 0603HaunTh
A %,) = AX) = F 00— (%)~ £(%)(X—X,).

TO CBOMCTBO BBIMYKJIOCTH BHI3(BBEpX) mubdepennmpyemoii pynkmun f na (a, b) PaBHOCWJIBHO TOMY, YTO IS

mo0oi Toukn X, € (a, b) nepasenctso AX > 0 (AX < 0) cipasemmuso s Beex X € (a,0) . Otmernm, uro

A(Xy,%,) = (AX) =0

3. BoinykjiocTs ABaxabl iuddepennmnpyemoi GyHknnu

Teopema 31.3. [lnst Toro utobsl dhyukiws f, aBax sl auddepenimpyemas B uuTepBae (a,b), Obuia

BBIMYKITOH BHU3 (BBEpX) Ha (a,b), Heobxomumo u noctarouno, uroosr f*(X) >0 (f"(X) < 0) Bo Bcex Toukax

X € (a,b).

Joxa3aTeancTB0. COMTacHO KPUTEPHIO MOHOTOHHOCTH (DYHKIIMU Ha MIPOMEKYTKe (Teopema29.1), yciorue

f"(x) >0 (f"(x) <0) mmaseex X € (a,b) saBnsercsa HEOGXOMMMBIM U IOCTATOUHBIM YCTIOBUEM BO3PACTAHUS

(yOwiBanms) npoussoxuoil pyakmuu f°(x) ma (@,0) . Mocnennee croiictro, cormacro Teopeme 30.1 npepaymero

IMYHKTAa, ABJIACTCA HeO6XOI[I/IMI>IM 1 IO0CTATOYHBIM YCJIIOBUEM BBIITYKJIOCTU BHU3 (BBer) (byHKHI/II/I f na HUHTEpBAJIC

(a,b).
4, Touku nepernda

Onpenenenne 31.2. Touxy kpusoit M (XO, f (XO )) , X, € (a,b) nasvator mouroit nepezuéa, ecnn

OHa OTACIACT YUaCTOK KpHBOﬁ, rae (byHKHI/IH BBIITYKJIa BBEPX, OT y4aCTKa KpHBOﬁ, rae (byHKHI/IH BBIITYKJIa BHU3.
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Ecmu dynkims f (X) muddepentmpyema na untepane (@,0), To mo Teopeme 31.1 B HexoTOpoOit
okpectHocTH abeucesl X, € (@,0) rouxu nepern6a e€ npoussonmas 6o Bospacraer cieBa oT TOUKH

X, € (a,b), a cnpasa ot neé y6riBaer, mbo - HAOGOpOT. B MepBOM ciyuae paccMaTpuBaemas Touka GyjeT
TOYKOW MakCMMyMa mpou3BoaHo# f’(X), Bo BTOpoM ciiydae — TOUKol MuHUMYMa. ECi penonoxuTh

CYIIECTBOBAHHUE f ”(XO) , To 1o Teopeme 24.1 (Pepma), mpumenénnol k pynknuu f’(X), momyqanm: f ”(XO) =0.

910 YCJIOBHUE UTPACT TAKYIO K€ POJIb B OTHOLICHUN TOYCK Hepem6a, KaKyro urpajio ycCJIOBHE

!
f (X) == 0 B OTHOIICHUH TOYCK SKCTPEMYMaA, T.C. OHO ABJIACTCA HeO6XOI[I/IMI>IM, HO HC 1OCTATOYHBIM.

. 4 .. 2
CUCTBUTCIILHO, Ky =X , OYCBHUJIHO, BBbIIT a BHHU3, HO €€ BTOpas IMpOU3BOJHAsA, paBHAsA 12X y
b 9

obpamaercs B Hotb ipu X = 0.

I[OCTaTO‘IHOe YCJIOBHUEC TOYKHU neperI/I6a Maer CJICAYIOUICC IMTPAaBUJI0, BBITCKAIOIIEEC U3 TCOPEMbI 31.3:

n
ecnu npu nepexode uepes snauenue X = X, émopas npouseoonasn f (X) MeHAem 3HaK, Mo HATUYO

nepezud. Ecnu jce 3nak ne mensemcs, mo nepezuda nem.

Hcnonw3ys dpopmyay Teiinopa, Tak ke, Kak MpU UCCIeOBaHUN (QYHKIIMU HA SKCTPEMYM, MOKHO JI0Ka3aTh

CIIeyIOIIee YTBEPKICHHE:

ecu | ”(XO) =0, f ”’(XO) =0,..., f (nil)(Xo) =0, f (" (XO) # 0, uecru N — neuémnoe

qucjio, mo 6 mouke XO umeemcs nepezué, ecnu yce N — uémmnoe uucjio, mo nepezuéa Hem.



bunem 32. I'padurk m3orepmbl raza Bau-nep-Baaanca

[TocTpoum rpadux nzorepmsl raza Ban-nep-Baanbsca, cooTBeTCTBYIOLIEH
KPUTUYECKOUN TeMIIEpaType. Y paBHEHUE UMEET BULL:

RT a
_RT_a 1
SRSV o

rae p- pamieHue, | - remneparypa, V - o0beM; R yHuBepcanabHasi ra3oBas

MOCTOsTHHAS, a,h > 0 WHIUBUyalbHbBIC TAPAMETPHI.

Cunraem TemnepaTypy MOCTOSSHHOW, UMEIOIIEN KPUTHUECKOE 3HAUYCHHE,

KOTOpoe OyJeT yKa3zaHo HIke. Torjaa ypaBHeHHE 3aaeT P Kak QYHKIUIO OT

oaHo#t mepemennoit V , V > b. Kputndeckas Touka ra3a onpeaeiseTcs
ypaBHEHUSIMU

p'=0,p"=0, (2)
/i€ MPOU3BOAHBIE B3STHI 110 IEpEeMEHHON V .
Huddepenuupyem paBeHcTBO (1):
,  —RT 2a »  2RT 6a

= vy P e sy
STV VAR VAR Y

Cuctema (2) npuHUMAET BUT:

2a_ RT 6a_ 2RT 3
V3 (V_b)Z’V4 (V_b)3

OTKYy/Ja HaXOOUuM:

bﬁ“;m,W=W—%,V=%. 4)

DTO — BEIMYUHA KPUTUYECKOTO 00BEMA.

Kputndeckyro Temrepatypy Haxoaum u3 paBercrtsa p' =0, T.e.:

8a
27bR

27b°RT =2a-4b*,T = (5)

Wtak, moctpouM rpaduk u30Tepmsbl s T , IPUHUMAIOLENH KPUTUYECKOE
snauenue (5). @yukuus P wenpepsiBHa npu V > b. Tlpu ctpemnernn
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V —>b+0 umeem: p —> +00, 4TO O3HAYAET, UYTO y rpad)rka €CTh BEPTUKAIbHAS
acummitora. [IponsBoanas p’ HalijeHa Beiie, oHa paBHa 0, €CIIM BBITTOJHEHO
nepBoe U3 ypaBHeHuii (8.3),

2a R 2a R-ba
=————, OTKyda —

I
VAR \2S) i V: 27b-R-( —bY’
YTO MOCJe MpeoOpa3oBaHUsl TaeT:

AV° 270V’ +54b%V —27b° =0.
(6)

Onuu kopenb mpomsBogHou, V =30, yxe Haiinen B (4), mosTomy

ypaBHeHue (6) jerko npeodpa3oBaTh K BUIY:
(v —3b) - (4v —3b)=0.

B o6mactu V > b nexut tosabpko Touka V = 3D, B koTopoii mpou3BoiHas 3HAKA
HE MEHSIET, B HEM HET DKCTPEMYMa.

Hynu BTOpO#i npou3BOAHON HILIEM U3 BTOPOTo ypaBHeHHUs (3),

6a 2RT

V' @by
Wiy, yuutbiBas (5),

8v* =81\ —b).
4 \Y
Jlenum 06e yactu 3Toro ypaBHenus Ha b* u obo3Havaem z = e Torna

8z* =81(z-1).
31ech TakKe 04eBUIACH KOpeHb Z = 3 (cooTBeTcTBYIOMIMIA Touke V = 3b).

J1st TOro, 4TO0BI BHIICHUTH BUJI rpaduka BOJU3U KPUTUYECKON TOUKH,
"

BBIYHCIIUM TPETHIO MPOU3BOAHYIO P”,
0" = — 6RT N 24a
V-by v*
Y TIOJICTaBUM B He€ HaieHHbIe 3HaueHus V u T u3 paBeHcTB (4) u (5):
” 6R -8a 24a  a 6-8 24\ a( 1 8
- 4+ :—5 ——4+—5 :—5 -+ — <0.
27bR-(2b)  (@Bby b°( 27.2* 3 ) b 9 81

(7)
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Hepasencto (7) o3nauaeT, uto B Touke V = 3D, oTBevaromeii TeMmeparype

(5), rpadux pynkuu (1) umeer neperuod.

Takum 06paszomM, rk
MoJTy4aeM 3CKu3 rpaduka:

278

Ipumeuanue: 0os1ee MOAPOOHO € ITOI 3a1a4eild U, IIIABHOE, C OCHOBHBIMH
MOHATUAMHU (PU3NYECKON XUMUHU, CBA3AHHBIMHU C Heil, MOKHO O3HAKOMHUTHLCSH
M0 KHMTeE:

OCHOBBI ®U3UYECKOM XUMUMU. Teopus u 3anaun: Yued. [locodue s
By30B / B.B.Epémun, C.W. Kapros, U.A. ¥Ycnenckas, H.E. Ky3bmenko, B.B.
Jlynun.- M.: U3a-Bo «Ik3amen», 2005 , (Cepus «Kaaccuueckui

YHMBEPCUTETCKHH YUCOHUK») .

I'padux MexkmMosieRyJaIpHOro noreHuuaga Jlemnapna-Jl:koHnca

[Toctpoum rpaduk mexmoekyinsipHoro noteHuuana Jlennapa-ZlxoHca,
3aj1aBaemMoro (QpopmyIoun

U(r)=U, (r?j—z(r?j . r>0.

D10 — HenpepsIBHAS B 00sacTu onpeneneHus pynkmus. [Ipu r — +0

umeeMm: U (r)—> +00, Mo3TOMY TipsimMast I' =0 sBIsIeTCS BEpTHKATBHON aCUMITOTON

rpa¢uka. Ecnmu r — 400, 70 U (r)—> 0 camsy, npsimas U =0 — ropusoHTanbHas
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6
I Il
acumnrora. Bennunna U (r) oOpariaercst B HyJIb IpH (—Oj =2,T.c.Upu  =—=
r

vk

f I
M JUIsL I > —= BBINOJHSCTCS HepaBeHeTBO U (r)<0,amma 0<r< = —

V2 V2

nepasenctso U (r)>0.

[IpousBoanas pynkuuu U (r) paBHa
, 12 (r,)" 12 (r)' | 12U, (1Y r,)’
o[ (2050 ()
0 0 0

OTKyZa CIeAyeT, uTo NpH I' < I, BeinonHsercsa U ’(r)< 0, mpu r =r, umeem

U'(r,)=0u U'(r)>0 mpu r>r,, Tak 4T0 B TOUke I =T, DyHKIHS
JOCTUraeT CBOEr0 HAMMEHBINEro 3HaueHus, pasHoro —U

0"

Bropas npoussonuas U"(r) pasHa

U”(r):UO(lZ-ZlS(r_Oj _12;1(&) ]:%(Ej .£1g(ij _7],
I r I r r r r

orkyna U"(r)<0 mpu r > ro-fi\/g, U"(r)=0 npu r = ro-fi\/g 1 U"(r)>0 npu

113
o<r<r,-s = CrnenoBatenbHO, BBITYKIOCTh I'padika BHU3 HA UHTEpBAJIC

(ro,ro -g/?j MEHSETCSl Ha BBIIYKIOCTH BBEPX Ha (ro -6,/?, +ooj, TOYKa

13
r=r, s 7 — Touka mneperuoa.

['pacpux U(r) MMEET BUJ:

Yi
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IMpumeuanue: 0os1ee MOAPOOHO € ITOI 3a1a4eld U, IIIABHOE, C OCHOBHBIMH
MOHATUAMHU (PU3NYECKON XUMHUHU, CBA3AHHBIMHU C Heil, MOKHO O3HAKOMUTHLCSH
M0 KHMTIeE:

OCHOBBI ®U3UYECKOM XUMUMU. Teopus u 3anaun: Yued. [locobue s
By30B / B.B.Epémun, C.H. Kapros, U.A. ¥Ycnenckas, H.E. Ky3bmenko, B.B.
Jlynun.- M.: U3a-Bo «Ik3amen», 2005 , (Cepus «Kaaccuueckui

YHMBEPCUTETCKHH YYCOHUK») .
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«YTBEPXJIAIO»

3aBenywommii kadgeapoil MATEMATHYECKOT0 AaHAIN3A
MeXaHUKO-MaTeM aTudeckoro gpaxkyabrera MI'Y
aKajJeMuK /B.A.CanoBHUYHI/
«__» 2008 r.

BOHPOCBI IK3aMeEHa 110 MATEMATUYIECCKOMY aHAJIU3Y IJIl CTYACHTOB XUMHUYECKOI'0

cLoNo~wNE

©

10.
11.
12.
13.

14.
15.

16.

17.
18.
19.
20.
21.

22,
23.
24,
25.
26.
27.
28.
29.
30.
31.
32.

¢paxyabTera , 1IKypc, 1 cemecTp

MHoxecTBa U onepanyy HaJl HUMH.
JlekapTOBO MPOU3BEIEHNUE MHOXKECTB, OMHAPHBIE OTHOILICHUSI.
OToOpakeHus: M UX CBOMCTBA.
MHO0k€ecTBO IeHCTBUTENBHBIX YUCEN. AKCHOMAa OT/IEIMMOCTH.
Bepxnue n HuxHME rpaHu. CTArMBarOIIMECs OTPE3KH.
[IpenenpHbIE TOUKH.
[TpuGnmxEHHBIE BEIYHUCICHUS.
IIpenen nociaenoBarebHOCTU. bECKOHEUHO MalbIe ITOCIIEI0BATEIBHOCTH.
Apudmernueckue cBOKWCTBA Mpeiena.
[IpenenvHblil mEpexo1 B HepaBeHCTBaX. [Ipeaen MOHOTOHHOM OrpaHUYEHHOU
IIOCJIEI0BATEIBHOCTH.
Yucio e.
Kpurepuit Komu cynectsoBanus npeesa nociaeJ0BaTeIbHOCTH.
HenpepsiBHoCTh yHKITMH. CBOKWCTBA HEMPEPHIBHBIX (DYHKITHIA.
Onpenenenune npeaena GyHkun, apudmMeTndeckue cBOMCTBa peena, MpeneIbHbIH
IIepeX0/l B HEPAaBEHCTBAX.

nx

.Sl
Brraucnenne lim——
x—0 X

[Ipenen MOHOTOHHO# OrpaHHMYEHHON QyHKIMH. HempepbIBHOCTH 211€MEHTapHBIX
GbyHKITHIA.

= . Inl+x) .. a*-1 .. (@+x)*-1
CumBousisl 0,0 . Berunciienue npesenon lim ( ) im Jdim ( ) .
= x—0 X x—0 X x—0 X

[TpomexxyTouHbIE 3HAYCHUS HETIPEPHIBHON HA OTPE3KE (PYHKITHH.

OrpaHM4YeHHOCTh HEMPEPHIBHON HA OTpe3Ke (QYHKIIUH.

PaBHOoMmepHas HenpepbiBHOCTB. Teopema Kanropa.

IIpousBoHas, €€ ecTeCTBEHHOHAYUHBIN CMBICI U OCHOBHBIE CBOMCTBA.
[Tpon3BoaHBIE ANIEMEHTAPHBIX QYHKINH, 00paTHON PyHKIIMH, CIOKHOU QyHKIINH,
napaMeTpU4ecKy 3aJJaHHON (PyHKIHH.

Huddepennunan. MaBapuanTHOCTH GopMBI TIepBOTO MU depeHIraa.
[TpounsBoanbie U AU HepeHIaTbl BHICIINX MOPSIKOB.

Teopemsr @epma, Poins. HeobxomuMble yeIIOBHUS SKCTpEMyMa.

Teopemsr Jlarpanxa u Ko, Kpurepuii moctostHcTBa GyHKIIUN Ha OTpE3Ke.
®opmyna Teinopa ¢ octaToyHbIM WwieHOM B popme Jlarpanxa.

®opmyna Teitnopa ¢ octatounsiM wieHOM B Gpopme [eano.

Paznoxenust ynkiuii e*,sin x,cos x, In(1+ x), (L+ x)* .

[TpaBuna Jlonurans.

MoHoToHHOCTH (pyHKIMHU. JlOCTaTOUHBIE YCIOBUS SKCTpeMyMa () yHKIIHH.
Bemyknocts rpaduka GpyHKInM.

I'padux m3orepmsl raza Ban-nep Baanbca. ['paduk MeXMOIEKYISIPHOTO MOTEHITHATA
Jlennapn-/lxoHca.
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IIpumeyanue: BONpoChl KOJUIOKBUYMa- 3TO IepBble 19 BompocoB

Bonpocel 3a4éTa 10 AaHAJIMTHYECKOI reoMeTpHHU

[Tpumeyanue: Borpocsr 1-9 chopmynupoBaHsl Ut TPEXMEPHBIX BEKTOPOB H MaTPHI] pa3Mepa

3x3.

RB OO N O~wNE

0.
1.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

CucremMbl JTHHEWHBIX YPaBHEHUH, UX 3aMMCh B MAaTpUIHOU hopme
Martpuiiel, BeKTOpbI. JINHEWHBIE ONIEpALIMY HAJl HUMH.
YMHOKEHUE MATPHIL.

Onpenenureny 1 UX CBOMCTBA.

Paznosxenue ompeaenuTelis mo cTpoke(cTooiy).

OO6patHas marpuIa.

[TpaBuno Kpamepa.

Pemrenne cucremsl TMHENHBIX ypaBHEHUN MeTo1oM ["aycca.
CkansipHO€ MTPOU3BEAECHNE BEKTOPOB.

BextopHoe nmpousBeieHne BEKTOPOB.

CMeniaHHO€ ITPOU3BEIEHNE BEKTOPOB.

[Tnockocte B mpocTpancTBe. HopmasibHOE ypaBHEHHE MIIOCKOCTH.
IIpsiMast B mpocTpaHCTBE.

B3aumHoe pacnonoxeHue MmIoCKOCTeN U MPSAMBIX B IPOCTPAHCTBE.
Onurc.

I'umepOomna.

[Tapaboura.

[IpuBeneHne KpUBOM BTOPOTO MOPSIIKA K KAHOHUYECKOMY BUY.
DJUTATICONT U THTIEPOOIIOU/TBL.

[Tapaboson s

Konyc u nunusapsr.

JlexTop mpodeccop /B.I . Hupckwuit/
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