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bstract

The kinetics of photochemical reactions in optically dense media essentially free from diffusion was considered. The photochromic isomerization
↔ B was studied as an example. If thermal isomerization is possible, a stationary state is achieved in time determined by rate constants for the

hermal reactions. The concentration wave profile is changed during the photochemical reaction propagation. Low values of thermal reaction

onstants and decrease in sample optical density during photochemical isomerization were found to be essential for maximal wave penetration into
he sample. Sharp concentration gradients of A and B can be observed when both the optical density is increased during photochemical isomerization
nd the quantum yield of the direct photochemical reaction A → B is higher than that of the reverse photochemical reaction B → A.

2008 Elsevier B.V. All rights reserved.
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. Introduction

Photochemical reactions in optically dense media are of inter-
st in a wide variety of applications. Examples range from optical
ata recording to polymer degradation, solar energy capture and
iological systems (photosynthesis and photodynamic therapy).

The kinetics of photochemical reactions in optically dense
edia essentially free from diffusion has been examined in

everal papers [1–14]. A decrease of light intensity within the
ample has been found to constitute a significant feature of
uch systems. The outermost layers absorb light significantly,
herefore the light intensity and the photochemical reaction rate
epend on the distance from the irradiated surface. As a result,
he reagent and reaction product concentrations are described
y a wave-like distribution along the irradiation direction.
Evolution of the wave-like distribution shall be described by
system of partial differential equations (PDE) (1). The first

quation is a differential form of the Beer–Lambert law. The
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ext equations are kinetic:

∂I(l, t)

∂l
= −I(l, t)

∑
i

εici(l, t)

∂ci(l, t)

∂l
= I(l, t)F (φ1, ε1, c1, . . . , φn, εn, cn) + k(c1, . . . , cn)

(1)

here I(l, t): light intensity; ci(l, t): concentration of ith sub-
tance; εi: absorption coefficient for ith substance; ϕi: quantum
ield of ith reaction. Function F describes the photochemical
eaction, and function k describes thermal reactions, which take
art in the system.

Thermal reactions have normally been neglected in study of
he kinetics of photochemical reactions in optically dense media
1–8,12–14]. To this approximation, the method of complete
rimitive determination has been applied [4,12–14]. In some
pecial cases, the primitive has been integrated analytically. The
everse thermal reaction has been taken into account in some
apers [9–11]. An analytical solution for the distribution of A
nd B in the stationary state, in presence of both the photochem-

cal reaction A → B and the reverse thermal reaction B → A, has
een found in [11]. In general, a kinetic description of photo-
hemical reactions in the presence of thermal reactions has not
een thoroughly developed at this time. Therefore, the aim of
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his work is an examination of the influence of thermal reac-
ions on the photochemical reaction wave front propagation in
ptically dense media.

. Mathematical model

Let us examine photochromic reversible transformation,
hich includes both direct thermal and photochemical reactions,

nd also reverse thermal and photochemical reactions, accord-

ng to the scheme A1
hν,k

�
hν,k

A2. In this case PDE system (1) is

ransformed to (2):

∂I/∂l = −I(ε1A1 + ε2A2)

∂A1/∂t = −φ1ε1IA1 + φ2ε2IA2 − k1A1 + k2A2

∂A2/∂t = φ1ε1IA1 − φ2ε2IA2 + k1A1 − k2A2

(2)

here ε1, ε2: absorption coefficients of substances A1 and A2,
espectively; ϕ1, ϕ2: quantum yields of forward and reverse pho-
ochemical reactions, respectively; k1, k2: constants of thermal

onomolecular forward and reverse reactions, respectively. If a
niform initial distribution is assumed, entry conditions are as
ollows: A1(l, 0) = k2/(k1 + k2), A2(x, 0) = k1/(k1 + k2), I(0, t) = I0.

To solve PDE (2) the following dimensionless variables
nd parameters were introduced. A = A1/(A0

1 + A0
2): dimen-

ionless concentrations; i = I/I0: dimensionless light intensity;
= tφ1ε1I0: dimensionless time; x = lε1(A1 + A2): dimensionless

pace coordinate; γi = κi/φ1ε1I
0: dimensionless thermal rate

onstant; α = ε2/ε1: absorption coefficients ratio; β = φ2/φ1:
uantum yields ratio.

Using the material balance condition, the system of PDE (2)
an be rewritten in dimensionless variables (3):

∂i/∂x = −i(A(1 − α) + α)

∂A/∂τ = −(1 + αβ)iA + αβi − γ1A + γ2(1 − A)
(3)
The following qualitative characteristics of the solution can
e used. Let us designate the coordinate of inflection point xc of
he concentration wave as a wave center, and a derivative value
n that point as wave slope kf (Fig. 1).

Fig. 1. Wave slope and wave center definition.
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. Results and discussion

Since PDE system (3) has no exact solution, some particular
ases are examined below.

.1. Irradiation at the isosbestic wavelength (wavelength at
hich species A1 and A2 have the same absorption
oefficient), α = 1

While the sample is irradiated at the isosbestic wavelength,
ight intensity distribution is constant in time and described by
unction i = exp[−x]. In this case the solution is given by the
ollowing equation:

=

{γ1γ2 + γ2
2 + β(γ1 + γ2) e−x + (γ2 − βγ1)

exp[−x − t(e−x(1 + β) + γ1 + γ2))]}
{(γ1 + γ2)((1 + β) e−x + γ1 + γ2)} (4)

According to Eq. (4), at large x values compound A is uni-
ormly distributed. The concentration of A is similar to that for
hermal reactions in the absence of photochemical reactions:

= γ2/(γ1 + γ2). At small x values, the concentration of A
hanges with time, as in the case of irradiation in a thin layer
5):

=

{γ1γ2 + γ2
2 + β(γ1 + γ2) + (γ2 − βγ1)

exp[−t(1 + β + γ1 + γ2))]}
{(γ1 + γ2)(1 + β + γ1 + γ2)} (5)

Using the method described in [3], the speed of the wave prop-
gation in the presence of the thermal reaction can be obtained
6). One can see that wave speed depends on the x coordi-
ate. Therefore, different points of the wave front have different
peeds and the shape of the wave front is not constant and is
hanged in time:

= ∂x

∂τ
= ((1 + β) e−x + γ1 + γ2)2

{(γ1 + γ2) exp[τ((1 + β)e−x + γ1 + γ2)]

−(γ1 + γ2) + τ(1 + β)(e−x(1 + β) + γ1 + γ2)}
(6)

In the absence of thermal reaction (γ1 = 0 and γ2 = 0) expres-
ion (6) turns into V = 1/τ, which is in agreement with results
btained earlier [3,4,12,13]. In such conditions, the wave has
constant shape. The denominator of expression (6) contains

he term proportional to exp[τ(γ1 + γ2)]. Therefore, the speed
f wave propagation in presence of the thermal reactions is less
han in their absence.

.2. Concentration distribution at infinitely long irradiation
The system reaches the stationary state and the concentrations
re constant when τ → ∞:

∂A

∂τ
= 0 = −iA(1 + αβ) + iαβ − γ1A + γ2(1 − A) (7)
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Fig. 2. Wave fronts of A in a stationary state at different rates of reverse thermal
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eaction γ2. γ2 values shown near concentration profile and α = 0.5; β = 1 and

1 = 0. The concentration waves are shown at negative values of x to illustrate
he constant wave shape.

The combination of Eq. (7) with the first equation of PDE
ystem (3) gives, after integration, the parametrically defined
istribution of A in stationary state:

A= αβi + γ2

i(1 + αβ) + γ1 + γ2

x=− γ1+γ2

αγ1 + γ2
ln[i] − (−1 + α)(αβγ1−γ2)

α(1 + β)(αβγ1+γ2)
ln
[

iα(1 + β)(αγ1+γ2)

α(1 + β)(αγ1+γ2)

] (8)

Let us consider the case most abundant in practice, when
irect thermal reaction is absent (γ1 = 0). Distributions of the
oncentration of A, calculated from expression (8) at differ-
nt rates of reverse thermal monomolecular reaction γ2, are
hown in Fig. 2. As it follows from Fig. 2, the concentra-
ion wave in stationary state penetrates deeper when the value
f reverse thermal monomolecular reaction γ2 decreases. The
hape of the wave, however, is permanent. To obtain the dis-
ance between wave fronts with different values of thermal
eaction γ2, light intensity i is found from the first equa-
ion of system (8) and inserted into its second equation. Thus

btained, expression (9) connects, in a stationary state, the
oncentration of A and light intensity i. The denominator of
xpression (9) does not vanish at any physically feasible values
f A, (αβ + γ2)/(αβ + γ2 + 1) < A < 1:

x = −ln

[
γ2(1 − A)

A(1 + αβ) − αβ

]
− (−1 + α)

α(1 + β)

ln

[
(A(1 − α) + α)γ2

A(1 + αβ) − αβ)(α + αβ + γ2)

]
(9)

xc = − αβic + γ2

γ1 + γ2 + (1 + αβ)ic
ln[i] − (−1 + α)(αβ

α(1 + β)(α

ic =
(

αβγ1 − α2βγ1 − γ2 + αγ2 +
√

(α(1 + β)(

α(1
In the absence of a direct thermal reaction, expression (9)
haracterizes the distribution of substance A in stationary state.
he difference between the x values at various rates of thermal

m
(

s

ig. 3. Dependence of wave center coordinate xc on parameters α and β, at

1 = 0 and γ2 = 0.01.

eaction γ2 and γ̃2 is given by expression (10):

= x̃ − ln

[
γ2

γ1

]
− 1 − α

α(1 + β)
ln

[
γ2((1 + β)α + γ̃2)

γ̃2((1 + β)α + γ2)

]
(10)

There are two qualitatively different cases of concentra-
ion distribution in the presence of direct and reverse thermal
eactions. The first one implies the concentration of A in the pho-
ostationary state A = (βi + γ2)/(αβi + i + γ1 + γ2) is higher
han in the thermal stationary state A = γ2/(γ1 + γ2). Con-
ersely, the second case means that the concentration of A in a
hotostationary state is lower than in a thermal stationary state.
hese situations are separated by the borderline case in which

he concentration of A in a thermal stationary state is identical
o that in a photostationary state. This case is realized when
β = γ2/γ1, i.e., k2/k1 = ε2ϕ2/ε1ϕ1.

Wave penetration into a sample in a stationary state depends
n the parameters α and β. Wave center coordinate xc induced
bove is defined by expression (11):

γ2)

γ2)
ln

[
α(1 + β)ic + αγ1 + γ2

αγ1 + γ2 + (1 + β)ic

]
αβ)(γ1 + γ2)(αγ1 + γ2) + (α − 1)2(γ2 − αβγ2)2)

)(1 + αβ)

) (11)

The dependence of the wave center coordinate on parame-
ers α and β is presented in Fig. 3. One can see that the wave
enter coordinate is close to zero at large values of α(ε1 < ε2)
nd small values of β(ϕ1 > ϕ2), i.e., the wave does not actually
enetrate into the sample. This conclusion is consistent with the
hysical meaning, since in this case the photo-generated product
bsorbs the light but does not undergo chemical transforma-
ion. At low α values, independently of β values, a bleaching
ave is observed. Fig. 3 is plotted at γ2 = 0.01 and γ1 = 0. The

ntire graph moves up along xc axes when γ2 decreases, and

oves down when γ2 increases in the agreement with expression

10).
The wave slope introduced above is determined by expres-

ion (12). In the absence of the direct thermal reaction, wave
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ig. 4. Dependence of wave slope on parameters α and β. Direct thermal reaction
s absent (γ1 = 0).

hape and wave slope are independent from the reverse ther-
al reaction rate (Fig. 2). Dependence of wave slope on

arameters α and β in the absence of the direct thermal
eaction is presented in Fig. 4. Maximum wave slope is
bserved at large values of α (ε1 < ε2) and small values of
(ϕ1 > ϕ2):

kf = ∂A/∂i

∂x/∂i
= − ic(αβγ1 − γ2)(α(ic + icβ + γ1) + γ2)

(ic + icαβ + γ1 + γ2)3

ic =
(

αβγ1 − α2βγ1 − γ2 + αγ2 +
√

(α(1 + β)(1 + αβ)(γ1 +
α(1 + β)(1 + αβ

Substance distribution in a stationary state can be calcu-
ated for a sequence of thermal and photochemical reactions
1 ⇔ A2 ⇔ . . . An.

Concentrations of substances in stationary state are given by
he following expressions:

A1 =
⎛
⎝1 +

n−2∑
j=1

j−2∏
k=1

αkβκi + γκ+1

αkβ′
κi + γ ′

κ

+
j−2∏
k=1

αkβκi + γκ+1

αkβ′
κi + γ ′

κ

αn−1βn−
αnβ

′
n−1

Aj = A1

j−1∏
k=1

αkβκi + γκ+1

αkβ′
κi + γ ′

κ+1
, j = 2, n − 1

An = A1

j−2∏
k=1

αkβκi + γκ+1

αkβ′
κi + γ ′

κ+1

αn−1βn−1i + γn−1

αnβ
′
n−1i + γ ′

n−1

ight intensity depends on coordinate x, as follows:

=
∫ i

0

⎛
⎝z

⎛
⎝n−2∑

j=1

(αi − αn)A1

j−1∏
k=1

αkβki + γk+1

αkβ
′
k + γ ′

k

⎞
⎠+zαn

⎞
⎠

−1

dz

(14)
xpression (14) can be integrated when A1 is substituted by the
rst expression from system (13), since it factorizes to common
ractions.

k
s
v
(
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(αγ1 + γ2) + (α − 1)2(γ2 − αβγ2)2
) (12)

γn−1

γ ′
n−1

⎞
⎠

−1

(13)

The solutions shown above are consistent with those pre-
iously obtained for special cases. In particular expression
8) for substance distribution in the sample in the stationary
tate at parameters values α = 0 (εB = 0) and γ2 = 0 (k2 = 0) is
imilar to the expression obtained in [11]. Expression (5) for
ave propagation under irradiation at isosbestic wavelength

n the absence of the thermal reaction (γ2 = 0 and γ1 = 0) is
imilar to the expression in paper [4]. Expression (6) for the
peed of photochemical reaction wave propagation is similar
o the expression obtained in [3] in the absence of thermal
eactions (γ2 = 0 and γ1 = 0). In papers [9,10] a method for
olving PDE Eq. (3) in the presence of reverse thermal reac-
ion is proposed. However, the application of this method
ives results that conflict with both the analytical results pre-
ented above, as well as the numerical simulation presented
elow.

.3. Numerical simulation

PDE system (3) solution, describing photochrome A trans-
ormation under irradiation in optically dense sample, cannot
e found analytically. Numerical integration of PDE system (3)
as used to find the substance distribution in the sample during

rradiation by a finite difference method. Concentration profiles
f substance A at a distinct time are presented in Fig. 5(a).

arameter values are α = 0.1; β = 10; γ1 = 0; γ2 = 0.05. It is
lear that complete wave penetration into the sample can be
bserved at these parameters values. The wave slope value is

f = 0.1. The stationary state found numerically is in agreement
ith the stationary state obtained analytically from expression

8).
Fig. 5(b) shows the concentration profiles of substance A at

istinct points in time. Parameter values are α = 100; β = 0.05;
1 = 0; γ2 = 0.05. One can see that the reaction wave penetrates

nto the sample significantly less and that wave slope value

f = 0.5 is significantly higher than in Fig. 5(a). A stationary
tate is reached in both cases at τ ∼ 1000. Such a large time
alue allows one to neglect those denominator components in
6) that are not proportional to exp[τ]. In this case wave velocity
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ecreases proportionally to exp[−τ(exp(−x)(1 + β) + γ1 + γ2)]
nd does not depend on α.

. Conclusion

Thermal reactions significantly influence photochemical
eaction kinetics in optically dense media. The wavefront
hanges its shape on penetration into the sample in the pres-
nce of thermal reactions. The penetration depth decreases as
he reverse thermal reaction rate increases. The time necessary
o reach a stationary state is determined by the thermal reaction
ate constants γ1 and γ2. The wave slope in the stationary state
s determined by the ratio of the extinction coefficients of initial
nd product substances α, and by the ratio of the quantum yield
alues of direct and reverse photoreactions β. The highest slope
s observed at high values of α and low values of β.
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